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This Technical Appendix describes all technical details related to the paper. We

first describe the two-country model, which is divided into the following sections:

1. Full general equilibrium

2. Solution to the portfolio maximization problems
3. Linearization of the market equilibrium condition
4. Solution for the equilibrium exchange rate

5. Exchange rate determinacy

6. Computation of the threshold cost

7. Computation of excess return predictability

8. Expectations conditioned on limited information

9. An additional asset

After that we describe an extension of the model to more than two countries,
which is again broken into the same subsections described above (except for sec-
tions 5 and 9). We conclude by discussing alternative modeling strategies. We
consider three topics: (1) equilibrium in a more general setup that allows for nom-
inal rigidities, (2) equilibrium in a real model with equity and (3) equilibrium in
a model where the government budget is balanced through taxation rather than

government spending.



1 Two-Country Model

1.1 General Equilibrium

As discussed in the text, the model is ultimately driven by the Foreign bond market
equilibrium condition, which determines the equilibrium exchange rate. We show
that this is indeed the case by describing the full general equilibrium of the model
in this subsection.

First, consider the bond market equilibrium conditions. We describe the general
setup with both agents making frequent and infrequent portfolio decisions. As

described in the text, the Foreign bond market equilibrium condition is

T T
np Y. bﬁkﬂ,twikﬂ,t +nry bgfk+1Wt]fk+1,t + Xy = BS; (1)
k=1 k=1

Investors are indifferent between Home bonds and the riskfree technology. The

aggregate demand for Home bonds plus the riskfree technology is

T
Z t k+1,t Wt k+1,t +nr Z t k-‘rl)WtI—k:—l-l,t - Xt + K9 (2)

k=1

where K9 is the quantity of riskfree technology held by the Home and Foreign
governments, which is constant. The capital stock K;, which is the aggregate
claim on the riskfree technology, is then equal to (2) minus the Home bond supply
BHi

T
- Z bt k+1,t Wt k+1t+n12 by k+1)WtI_k+1,t—Xt—|—Kg—BH (3)

k=1

Since K; does not enter the Foreign bond market equilibrium condition, which

determines the equilibrium exchange rate, it plays no role in the analysis of the

paper.
We then turn to the goods market equilibrium condition, which is

n+ K€ —1) =W, +nWp, +G+CF+ K — K4 (4)

The supply is on the left hand side while demand for goods is on the right hand
side. The supply is the endowment of the newborn plus the production through

the riskfree technology. There are four sources of demand: by the agents who
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are dying and consuming their wealth, by the governments (G;), by the liquidity
traders (CF) and investment (K; — K;_1).

Liquidity traders born at ¢ — 1 invest X;_; in the Foreign bond and —X;
in the Home bond and riskfree technology (both measured in terms of the Home

currency). At t they consume the net return on these claims:

.S,

CF = X,_je't S X q€” (5)
t—1

The sum of Home and Foreign government consumption is equal to earnings
on the constant holding of K9 of the riskfree technology minus interest payments.

Total government consumption (aggregating over the two governments) is then
Gy = (" —1)KY — (¢" — 1)By — (e'-+ — 1) BS, (6)

Since the other markets are in equilibrium, goods market equilibrium follows
automatically from Walras’” Law. We can verify this as follows. First define the

wealth at time ¢ of all investors alive as

T T
Wy =np Z WikH,t +nr Z Wt1—k+17t (7)

k=1 k=1

Wealth at t is equal to the aggregate return on wealth from ¢t — 1 to ¢, minus
consumption by the generation that exits at time ¢, plus the endowment of the

newborn at t. Therefore
Wy =W, 1R} — nFWtZiT,t - nIWtI—T,t +n (8)

where W;_; R? is the gross asset return from ¢t —1 to ¢ aggregated across all investors

(other than liquidity traders):

T
= S -
Wi Ry = np Z thik,t—l <(1 - bf—k,t—l)eT + bf k.t tezt”) +

k=1 RS
Y Wi (1= 01" + by el ()
k=1 t—1

Using (1) and (3) at ¢t — 1 we can write this as

) Sy
WiaRY = € (Kiy + Xy = K+ By) + o L1 (BS_1 — X;_1) (10)



We now substitute the various equations above into the goods market clearing

condition. First, using (8) we can rewrite (4) as:
W, =W, R+ K, 1e" — K, =G, +CF (11)
Substituting (5), (6) and (10) into (11) the goods market clearing condition implies:
Wy =K+ By — K+ BS; (12)

It is easily verified that this equation can be derived by taking the sum of (1) and
(3) and using the definition (7) of W;.

1.2 Portfolio Choice

In this section we will derive the optimal portfolios and value functions for both

investors that make frequent and infrequent portfolio decisions.

1.2.1 Investors with Actively Managed Portfolios

Consider an agent born at time . We will compute the optimal portfolio and value
function at ¢t + k for k = 0,..,7 — 1. The state of the world consists of all shocks
to interest rates and liquidity trade that have happened up to that point in time.
However, we will truncate the state space to T periods before the present date.
This only applies to interest rate shocks. For liquidity demand we can summarize
the state by 2, which is a variable that captures the impact of liquidity trade on
the exchange rate and follows an AR process with AR coefficient p, and variance

of innovations of bio2. We can then write the state space at ¢t + k as
€hrk

J— u
Yieh = | €m0 (13)
Toy

1

We know from the Bellman equation that the value function at ¢ + k is equal

to the expected value function at ¢t + k + 1:
Viek = EiykVivk s (14)
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and that the terminal value function at ¢ + T is

Vt—&-T t+T/( ) (15)

We can solve the value function with backward induction. Make the following

guess:
Vigp = eXini¥en (1 — ) A00=RyLna /(1 — ) (16)

where Hj, is a square matrix of size T+2. We show that this is correct by assuming
that the value function takes this form for ¢ + k + 1 and then deriving the time
t + k value function from the Bellman equation. This also gives us an updating
formula relating Hy to Hy,q. Clearly Hr is a matrix with only zeros.
We know that
Wipnir = (1 — 7) Wy petrrt (17)

We adopt the following second order approximation for the log return:
_ | F F
Tf+k+1 =T+ b 4y pQrrks1 + 0'5bt,t+k( — b t+k> ; (18)

where 0% is the conditional variance of next period’s excess return. After substi-

tuting (17) and (18) into the Bellman equation we have
Et+kevt+k+1 _ 6Yt+kaYt+k (19)
where

V1 = (L= )P+ (L=7)b5 g i +(1=7)0.5b5 4 (1=01 )05+ Y, o Hi1 Vi

(20)
We will now show that there is a matrix GG;, such that
Et+kevt+k+1 —e Y/ 1 GreYitk (21)
The Bellman equation then implies H;, = G;.
We can write
Granir = MY + Mye g (22)
where
E’U/
€t4k+1 — fjkﬂ (23)
Cirk+1
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We will derive below that

Grrert = (L D)€y + 0168 0y + O 0u(v, )€ty + (o — D)@ — 7 (24)
v=0

Therefore Mf(v+1) = 6,(v,1) forv=0,..,T—1, Mf(T+1) = p,—1, MF(T+2) =
—7, MY(1) = X\, (1,1) and M} (2) = b;.

We can also write

Yiiner = NiYiw 4+ Ny€ripin (25)

The matrix N¥ is T+2 by T+2. It has zeros in the first row. We have NFf(v+1,v) =
Lforv=1,..T—1, NN(T+1,T+1) = p, and N(T +2,T +2) = 1. The matrix
N¥is T +2 by 2. We have N¥(1,1) = 1, N¥(T +1,2) = b, and zeros elsewhere.

It follows that

Upsr = (L= 9)7 + (1 — V)bfwkaY;tJrk +(1- ’7)0'5b5t+k(1 - b5t+k)‘712? +

Y;/Jrk(Nf)/Hk+1N{€Y;€+k + Cerinp + €;+k+1C§€t+k+1 (26)
where

Ct = (1= 7)b{y My + 2/ (NF) Hyy1 Ny (27)

Cy = (Ny)' Hp 1 Ny (28)

We know that €111 ~ N(0,%) where X[1,1] = 02, X[2,2] = 02 and the

off-diagonal elements are zero. Therefore

k k
Et+kecl Ctrhriter g Oreerntl —

|Z|0152/eC{“et+k+1+62+k+1C§ft+k+10~562+k+12_16”’““d€t+k+1 =
527

1 k / k -1 ‘Qk’0-5 (Y
. (Cterrinrtel (G505 Devrnnge, | — 5 5T (CLY (29)
32]0-527 x>

Here the last equality uses the moment generating function of the normal distrib-
ution and

QF = (xt —20H)™t (30)

It follows that

Bpppetisint = o (31)



where

Oy = (1 =y)r+ (1 - ’Y)bftJrkaYHk +0.5(1 — ”Y)bf,wrk(l - bfjtJrk)a% +
Y, o (NFY Hyet NFY, s + 0.50n(|QF|/[S]) + 0.5CFQF(ChY (32)

;From the definition of C¥ we have

CEQM(CF) = (1 — 7)?67:(k) (b)yr)? + 2(1 — v) DYYowbfyp + 2/ D5Yisy (33)

where
o5(k) = MyQP (M) (34)
DY = 2M5Q"(Ng) Hy,41 NY (35)
D5 = 2(N{) Hyy 1 Ny Q" (N}) Hy 1 NY (36)
Therefore
bipr = A"+ By 4+ CF (b)) (37)
where

AP = (1= 9)7 + Y (NF) Hen NY + D5)Yeiy, + 0.50n(|Q°]/[Z]) (38
B = (1 =) (M + DY)Yery, + (1 = 7)0.50% (39)
C* = —0.5(1 — )02 + 0.5(1 — v)*67(k) (40)
At t + k the investor chooses the portfolio to maximize the expected t 4+ k + 1

value function, which is equivalent to maximizing 0;,;. This yields

b — Bk _ (MF + D})Y,ip + 0.50% (41)
itk T 9k (v = 1)o%(k) + o%

Note that MY, = EiixGrinr1- The hedge term is proportional to D¥Y;, . With
G = q + 7 the excess return in deviation from steady state, the optimal portfolio

can then be written as

_ E.. (G
bft-&-k _ bp(k) n t+k(Qt+k+1)

1
DY, 492
=163k + 0% (= DaR(R) 1 op e (42

where
0.50% — 7

(v = 1)67(k) + o

b (k) = (43)
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Substituting the optimal portfolio in 9,4 we have

) Bk 2
UM:M—&£=%+%mwwm@mk (44)
where
_ 1 (1—7)o}
G=(1- 0.5In(|Q%|/|2]) + = E 45
r = (1 —=7)7 +0.5In(|Q2"]/| |)+80_%+(7_1)6%<k) (45)
0.5(1 — ~)o2
R Gt cr S VT (46)

P ok 4+ (v — 1)6%(k)
0.5(1 —
G} = (NFY Hyu NF + DE + — 050 = )

of + (v — 1)o7 (k)

(M} + Dy)' (M + DY) (47)

We can write
Gy + GiYoun + Y0 GiYern = Y GiYorn (48)

where G, = G + G} + G}, G} is a square T + 2 matrix with the vector G2 in the
last row and otherwise zeros and G3 is a square T + 2 matrix with the element
(T +2,T + 2) equal to G} and all other elements zero. It follows that Hj, = G,

1.2.2 Investors Making Infrequent Portfolio Decisions

Now consider an investor born at time ¢ making one portfolio decision for the next

T periods. The time ¢ value function is
Vi = Bel 00ttt j(1 — ) (49)
We again adopt the second order approximation for the log return:
P =T+ b quer, + 0.5b) (1 — b )vary(qix) (50)

We then have

V, = Ete(1*W)FTJr(l*v)b{qt,t+T+0.5(1*7)b{(1*bf)ZkT,Zlvam(qt+k)/(1 — ) =

6(1—'y)fT—&-(l—’y)b{Etqt,t+T+O.5(1—’y)2(b{)%}art(qtﬁt_‘_T)—&—O.S(l—’y)b{(l—bg) Zle vart(qt+k)/(1 . ,.Y)
We can write the term in the exponential as
A+ Bbl + C(b])? (51)



where
= (1—~)rT

B = (1-=7)Ewqr+0.5(1— ZUC“”t Qrvk)

T
C = 0.5(1—- ’}/)21)@7}((]157754_’1“) —0.5(1 — Z vary(qrr)

k=1
= —05y(1=7)o;

where
) 1 1
o7 = (1— = |vardqer) + = > vary(qer)
g V=1
The optimal portfolio is
bl — —B bI EtQt,t+T
t = 9
20 Yo7
where .
W — 0.5> 1 vary(qer)

o7
Writing G +7 as the excess return in deviation from steady state, we have

Et(jt,t+T

2
YoT

by = b+

where .
0.5 51 UG?‘t(QHk) — 7T

2
YOT

Substituting the optimal portfolio, the value function becomes

v =

Vi=etTie/(1- )

(54)

(55)

(58)

(59)

(60)

We will derive below that Eiq ;7 = M;Y;, where M; is a T + 2 vector with

My(v+1) = §,(v,T) forv=0,.,T—1, Mi(T+1) = pL' —1 and M,(T+2) =

We have B2
A_E = Gh + GoY; + Y/GsY;

—7T.

(61)



where

-~ (Zgzl Uart(Qt+k))2

Gi=1—-yrT+ 5 (62)
807
1—~yF
Gy = VD k1 var;(th) M, (63)
v 207
Gy =20 L (anyy (o) (64)
3 — 7 20_% 1 1
We can write
G1 + G2Y, + Y/G3Y, = Y/GY, (65)

where G = G3 4+ G4 + G5. G4 is a square T + 2 matrix with the vector G5 in the
last row and otherwise zeros and G is a square T + 2 matrix with the element
(T +2,T + 2) equal to G; and all other elements zero. The time ¢ value function
is then

Vi = e (1—7) (66)

1.3 Linearization of Market Equilibrium Condition

The market equilibrium condition (see equation 13 of text) is

T T
np bf—k—l—l,tthik—o—l,t +nry, btf—k+1WtI—k+1,t + (2 + 2 )W = Be™ (67)
k=1 k=1
where
k-1
F k—
Wtkarl,t = H Rfkarz’Jrl(l —7) ! (68)

i=1
P _ _F Ut —kti F St kit 1—St—ktitiy_p,
Ry pyiv1 = (1 bt—k+1,t—k+i)e iy bt—k+1,t—k+i€ t-k+i (69)

and
k—1
th—k-&-l,t = H R?fk+i+1 (70)
i=1
Ry iy = (1= b{—k+1)€it_k+i + bf—k+1€st7k+i“78“'“““‘*"“*" (71)

We differentiate this budget constraint around the point where the exchange

rate and asset returns are zero, 7 = 0, and portfolio shares are equal to their steady
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state values. The first order Taylor approximation of the term b, W/, is:

F F _
bt7k+1,twtfk+1,t =

k—1
bt k+1.t + bF(k — 1) |:77 — 7+ bF(Z — 1)q157k+i+]_:| (72)
i=1
therefore a
- T—1
Z b k+1, W k1t — Z by k1, T k" + > kY (k) Gk (73)
k=1
where
T-1
F= Z " (k)k(F — 1)
Z V(-1 (+ k1)
Similarly
T T - T—1
Z bf—kﬂWtI—kH,t = Z b{—k+1 + k' + Z k' (k) g1 (74)
— k=1 k=1
where

k= EB%?
K (k) = (T = k)(0")?

Finally, a first order Taylor approximation of the right hand side of the budget

constraint is Be® = Bs;. The budget constraint can then be rewritten as

T T
nr Z bf—kﬂ,t +ny Z b,{,kﬂ + anF + nﬂ{:I +

k=1 k=1

T—1

Z(anF(k‘) + nlkl(k’))qt_kH + (z + )W = B + Bs; (75)
k=1

We define W as equal to total steady state wealth when evaluated at returns on
Home and Foreign bonds equal to their steady state levels (7 for Home bonds and
0 for Foreign bonds), the fraction invested in Foreign bonds is b for all investors
(the steady state relative supply of Foreign bonds) and a zero portfolio decision

cost for investors making frequent portfolio decisions.
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Based on that definition we have

W =wnT (76)

where
w = ’; (R")" T (77)
RP=(1—-0b)e +b (78)

Dividing (75) by nT yields

1 & e 1 & 1, -p L,
ffzbt—kﬂ,t"‘(1_f)fzbt—k+1+f(fk + (1= f)k") +
k=1

k=1

T-1

> ;(ko(k) + (1= ) (k) t—ps1 + T + way = wb + whs, (79)
k=1

where b = B/W is the steady state supply of Foreign bonds divided by steady
state wealth, which is the steady state fraction invested in Foreign bonds.

Let ¢ again denote the excess return in deviation from its steady state. Then
subtracting the steady state from both the right and left hand sides of (79), and

substituting the expressions for optimal portfolios, gives

Eiqi 1 B hi1Gr kst biier
DY, 1—f)= :
T-1 1
> (T (R) + (1= PR () Gorr + wy = wbs, (80)
k=1
where
Do 1 ET: D1
CTEZ (v-1)6k(k—1)+ 0}
1 1 ZT: v
o2 Ti=(y—-1)63k—-1)+0F

The constant term in the portfolio of liquidity traders is set such that the
market clearing condition holds in steady state for a given real interest rate 7.

From (79) this is the case when is

b

FIF -+ (1= P+ L+ (1= D) - Y

S|

(fE" (k) + (1 = ))K (k)7
+wT = wb (81)
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where
_ 1L _
bF = >0 (k—1) (82)
T k=1

The steady state x plays no role in the analysis below.

1.4 Solution Equilibrium Exchange Rate

In this section we will discuss how the equilibrium exchange rate is solved for a
given fraction f of investors making frequent portfolio decisions. As explained in
section 2.5 of the paper, we will assume that ¢ = 0, so that ¢, — i} = u; + 7 and
Gir1 = Str1— St — ug. There are two stochastic innovations in the model, associated
with the forward discount (foreign interest rate) and liquidity trade. We conjecture

that the equilibrium exchange rate at time ¢ depends linearly on present and past

innovations:
st = A(L)e; + B(L)e} (83)
where
A(L) = ay + apL + asL* + ... (84)
B(L) = by + by L + bsL* + ... (85)

The number of lags is infinite in both lag operators. Substituting (83) into the
market equilibrium condition (80), we obtain an equilibrium exchange rate equa-
tion. We then need to equate the conjectured to the equilibrium exchange rate

equation. We choose the process
xy = C(L)el = (c1 + oL + c3L? + ..)er (86)

such that by 1 = p.b for £ > 1. Normalize such that ¢; = 1. Below we will show
how to solve A(L), C(L) and by by imposing foreign bond market equilibrium. We
will write #; = B(L)e;. Therefore

St = A(L)E? + 'Z%t (87)
Ty = pali_1 + br€f (88)

In order to solve for the equilibrium exchange rate equation we need to write

both sides of the market equilibrium equation as a function of the underlying
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innovations and then equate the coefficients multiplying these innovations on the
right and left side of the equation. The overall approach is rather straightforward,
but the algebra is a bit lengthy.

We first need to compute first and second order moments in the market equi-
librium condition. Starting with the second moments, we need to compute (i)

vary(qyx), k=1,..T; and (ii) var(gi++r). Starting with the former,

Qi+k = Stk — St4k—1 — Upph—1 = (89)
k

> (Rulv B)ery, + Aalv, K)ery,) +

v=1

Z gu(vv k)éfufv + p:lfsil(pm - 1)5615
v=0

where
;\u(k’, ]{?) = ai
/_\u(vv k) = Qfg41—v — Afg—v — pkivil v = 17 a3 k—1
0u(v, k) = aps140 — Qppo — P 020

and

j\x(kvk) = bl
j\x(v, ]f) = bk—i—l—v — bk—v vV = 1, ..7]€ —1

We will also write .
pfsil(pz - 1)5615 = Z Sx(vv k)etwfv
v=0

where 6, (v, k) = bpy140 — bppy for v > 0.

Therefore i
vary(qer) = Y (5\“("0, k)?o2 + Ay (v, k)%i) (90)

v=1

Now consider the variance of g;;+7. We have

T
~ ~ -k -
dtt+17 = Qi+k = St+T — St — 4 — -« Ty 1 = (91)
k=1

T
St+17 — St — Z Ut4v—1
v=1

14



We can write

T o0 T-1 /T—v
ZyTzl Ut4y—1 = (Z 1) Z pve;tu—v + Z Z pk 1) €ipo =
v=1 v=0 v=1 \k=1
1 T oo T—141 pT—U
T-1
O T ZIO et v Z p(UJT)E;:Lv
v=1

whete p(u,T) = (1— p)/(1 = p)
Substituting (83) and (92) into (91) we get

T—-1
Cjt,H-T = alﬁqu’ + Z (_p('U, T) + a’T_U-l-l) Eg—‘rv +
v=1
T-1
b16f+T + Z bT—U+1€tx+v +
v=1

o0

Z p(0,T)p" + ar w1 — ap) €, + (pp — 1) =

T
Z ( v, T)eiy + Aa(v, T)6t+v) + 25 v, T)efy + (pg — 1)

v=0

At times we will also write

T Z 0z (v, T)ef,
v=0

It follows that

T

vary(Guer) = Y ()\u(v, T)?02 + Ao(v, T)zai)

v=1

Next consider the first moments. Using (93) for 7' = 1 we have

EyGiy1 = By = 2(5 v, )€, + (px — 1)y =

Z 5u(vu 1)6111; + Z 533(1}’ 1)6;:*”
v=0 v=0

and

T

> B ki1 Q—ki 14—k 14T = (1 +L+..+ LT_l) Eiqrivr =
k=1

15

(92)

(93)
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(L+L+..+L7) i (6u(v, T)el, + 00, e, ) =

v=0
oo min(v,T—1) oo min(v,T—1)
> Zj bu(v =k, T)efy+ > Xj 6x(v—k,T)er =
v=0 v=0
Z e (V)€ + Z 1, (V)er, (96)
v=0 v=0
Therefore

EiGi 1 | T/ A R R
f +(1=f)= : =
o2 T kz::l o2

i@ M), + f: ne(0)ed (1)

where
1 1 1
Nu(v) = fn,(v)— o + (1 f)Tnu o (98)
1 1 1
n0) = )z + (1= )l = (99)

We finally need to compute, as a function of model innovations, the expression
171

e Z (fE" (k) — PE (k)G (100)

in the linearized market clearmg condition. Using (93) with ¢ replaced by t — k
and T by 1, we have for k > 1

Gr1-k = Aul 71)€t+1 kT Ae (1, 1)€t+1 kT (101)

1
Z(éuvlet o + 0z(v, 1)ef kv)z
> (

wy (v, k)€, + wa (v, ke v)

where
(0,k) =0 v=0,. k-2
(v,k) =X(1,1) v=k—1
(v, k) =68, (v—Fk 1) v>k
we(v,k) =0 v=0,..,k—2
(v, k) =X(1,1) v=k—1
(v, k) =0 (v—Fk1) v>k
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It follows that

7 X UR )+ (1= DH )11 =
vi) (rulv)el, + pa(v)er,) (102)
where
) = 1 S R) + (1= DR
o) = g )+ 1 = R R

Substituting (97) and (102) into (80) we get

00 T—1

wbs; = Z (N (V) + pu(v)) €, + Z fDw+ e, + fD(T + 1)d; +
v=0 v=0

Z{) (Wx(“) + Ly (U) + U)CU+1) Gtzfm

Equating the conjectured to the equilibrium exchange rate equation then gives

wbay41 = Ny (v) + pu(v) + fD(v+1) Yo=0,..,T—1 (103)

wbay, 11 = Ny (V) + py(v) Yo > T (104)
whby 1 = 1 (V) + pe(v) + weypr + FD(T + 1)byp? Vo >0 (105)

We can solve for A(L) and b; using (103) for v = 0,..,7— 1 and (105) for v = 0
(using ¢; = 1). We therefore omit equation (104). This is equivalent to truncating
the state space after T' periods. We only solve for ai, .., ar and set ap ., = 0 for
k > 0. This is a very close approximation for large T' as the impact of interest
rate shocks on the exchange rate dies out over time. Once A(L) and by have been
solved, c¢(v + 1) for Vo > 0 can be solved from (105). But these parameters are
inconsequential for the analysis.

In practice we set T = 60, so that there are 61 equations to be solved. Further

increasing T has a negligible impact on the results.
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1.5 Exchange Rate Determinacy

Some comments are in order regarding exchange rate determinacy in the context of
the monetary policy rule. Abstracting from infrequent portfolio decisions, it is well-
known that a Wicksellian monetary policy rule is sufficient to give a unique price
level solution. In the context of the Foreign monetary policy rule (1) in the paper,
this corresponds to 1 > 0. However, we have set ¢y = 0 in the parameterization
and in the solution to the equilibrium above.

The assumption ¢ = 0 raises the issue of price level (and therefore exchange
rate) determinacy. It is well-known that an exogenous monetary policy rule can
lead to price level indeterminacy. This is not always the case though. The price
level is well-determined even under an exogenous (or passive) monetary policy
rule when combined with an active fiscal policy rule (see contributions by Leeper,
Journal of Monetary Economics, 1991, Sims, Economic Theory, 1994 or Woodford,
Economic Theory 1994). In that case price level determinacy is generated by the
government budget constraint (fiscal theory of the price level).

In our paper fiscal policy is passive (adjusts to satisfy the budget constraint), so
the fiscal theory of the price level does not hold. But the model presents another
case where passive monetary policy does not lead to price level indeterminacy.
This mechanism is associated with valuation effects and their effect on risk-premia.
Intuitively, a depreciation of the Home currency leads to an increase in the relative
supply of Foreign bonds due to a standard valuation effect. This raises the risk
premium on Foreign bonds, which in turn leads to an appreciation of the Home
currency. The exchange rate is solved from the resulting fixed point problem. In
order to show this algebraically, we will focus on the case where 7' = 1 and all
investors make a portfolio decision each period. We abstract both from gradual
portfolio adjustments and from liquidity traders as these are not central to the
argument. We go back to the general monetary policy rule, where 1/ can be either
7ero or positive.

The linearized version of the Foreign bond market clearing condition in this
case becomes simply

by = b+ bs; (106)

The left hand side is the fraction invested in Foreign bonds. The right hand side is
the linearized supply of Foreign bonds. Here b is the steady state relative supply of
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Foreign bonds and bs; represents changes in the relative supply of Foreign bonds
due to exchange rate changes (valuation effects).
The optimal portfolio share depends on the expected excess return, which we

can write as

bt =b + )\(EtSt+1 — St — fdt) (107)

where b is a constant, A depends on the rate of risk-aversion and the variance of

the excess return and fd; is the forward discount, given by (setting 7 = 0):
Jdy =1y — iy = up + Vs, (108)

Substituting (107) into (75), we have a standard difference equation:

A A

BRI EEDER e A 109

St
with b a constant that depends on b and b. Ruling out bubbles, the above difference
equation has a well defined, and unique, solution when either b > 0 (positive bond

supply) or ¢» > 0. The solution is

B A 0 A g A1+ 1) + b=
5t_‘A(1+¢)+b,§(A(1+¢)+b> T S (110)

Since u; follows an AR process, the solution can be written as:

A A
_)\(1+¢—p)+bfdt_/\

§ = (111)

(1+)+0b
The main point is that ¢ > 0 is not a necessary condition for determinacy. Even
when 1) is zero, there is still a unique equilibrium as long as b > 0. A positive
level of bonds is necessary for valuation effects to be active, which is key in the
intuition described above.

The solution above implicitly assumes a stochastic exchange rate equilibrium,
so that there is uncertainty about the future exchange rate. Otherwise A is not
well-defined (it depends on the inverse of the variance of the excess return). To
complete the analysis, we need to consider a possible “no-risk” solution. In the

absence of exchange rate risk we have

St41 — St — fdt =0 (112)
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Under the Wicksellian policy rule, where ¢ > 0, this implies
1 1

S = ——S8441 — ——U 113
T It T T g™ (113)
Adding expectations on both sides and ruling out bubbles, the solution is
k
1 & 1 1
§p = ——— — | By =———""—u 114
t 1+¢k:0<1+¢> Utk T+ p™ (114)

Clearly, there is uncertainty about s;,; in this case, which is inconsistent with a
“no-risk” equilibrium. So the only equilibrium is (111).

This is the case as long as ¢ > 0, even when 1 is infinitesimal. When v
is exactly equal to zero, the discount rate in (113) is exactly 1, and the bizarre
solution

Sp =@ — Up_1 — Ut — ... (115)

applies for any constant a. While one may rule out this “no-risk” solution on
a-priori grounds (e.g. hard to implement such a solution as one needs to pre-
commit to the exchange rate next period, without regard to monetary shocks at
that time), the advantage of 1/ > 0 (even when infinitesimal) is that this type
of “no-risk” equilibria is ruled out entirely. In practice though, it makes little
difference to set ¢» = 0 as we focus on the unique stochastic equilibrium in that
case. The only difference when setting v positive but infinitesimally small is that

the strange no-risk equilibrium described above is ruled out.

1.6 Computation of the Threshold Cost

In this section we compute the threshold cost such that investors break even be-
tween making frequent or infrequent portfolio decisions. Consider an investor born
at time t. If the investor makes frequent portfolio decisions the time ¢ value func-
tion is
Vi = QI = )T /(1 - ) (116)
The decision whether to make frequent portfolio decisions or not is made when
born before the state is observed. Therefore we need to compare the unconditional
value functions at time ¢, before observing the state vector Y;. We therefore need

to compute the unconditional expectation of

e¥i HoYe (117)
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Define o
H h

Hy = _ 118

() s

where H is a T + 1 by T + 1 matrix, h; and hy are T 4 1 by 1 vectors and £ is a

scalar. Also write R
Y;
n:(;) (119)

Then
V, = AT (1 ) (120)
where 7 7
= ;“ 2 (121)

We have Y; ~ N(0,%,) , where X, (k,k) = 02 for k =1,..,T, %, (T +1,T +1) =

bic2/(1 — p2). The other elements of ¥, are zero.

Therefore
Eteh+2?gﬁ+17;m7z _
|, [0 5(21)0 5T+0.5 /eh+2]_1/ﬁ+2/gﬁfo'5?‘/zfﬁdﬁ =
ylo\am)™ '
1 h+2R' Y+ Y/ (H—0.55, )Y 70 €2, [%° h+2h/Qyh
lzy\0'5<27r)0~5T+0~5/ t Coan= ,105° (122)
where

Q,=(3,'—2H)"! (123)

The unconditional expectation of the value function for investors making in-
frequent portfolio decisions is computed in exactly the same way. If we write the

expected value for investors making frequent portfolio decisions as

o' (1 — )T (124)

and the value function for investors making infrequent portfolio decisions as v,

then the threshold cost
T=1-— (U[/UF)O*'Y)T (125)
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1.7 Computation of Excess Return Predictability

In this section we discuss how to compute in the context of the model the coef-
ficients [ in the regression of the excess return ¢;y; on the forward discount at

time ¢. It is equal to
cov(qirk, fdy)
var(fdy)

We need to compute both the numerator and denominator. The forward discount

(126)

is equal to

The numerator of (126) then becomes
cov(qeyr, fdr) =Y du(v+k =1, 1)p'o? (128)
v=0

The denominator of (126) is

o0

var(fdy) =3 _(p")*0,, (129)

v=0

1.8 Expectations Conditioned on Limited Information

We now consider the case where agents only use the past M interest rates to form
expectations about future exchange rates. Most of the solution procedure is the
same as above. We therefore only note the changes.
First consider investors making frequent portfolio decisions. The relevant state
space at t + k is now
Ut+k

Yigp = (130)
Ut4-k—M4+1

1

We make the same guess for the value function as before, although now the matrix
Hy in the exponential of the value function is a square matrix of size M + 1.

Define the vector

6'11/
€rpsil = ( t+k+1 ) (131)

Gr+kt1 — By Qirt
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Below we will derive

EiikQiins1 = 51(1)Ut+k + ..+ 51 (M)Ut+k—M+1 (132)

Below we will also derive the conditional variance var; y(€,411+1(2)). Clearly
vargg(€rs1(1)) = 02 and covpp(€rb11(2), €11(1)) = Au(1,1)02. These de-
fine the elements of the matrix ¥ = var; i (€. 1+1). The vector MF now has M + 1
elements with Mf(v) = 3, for v =1,.., M and MF(M + 1) = —7. The vector M}
has two elements with M5(1) = 0 and M%(2) = 1.

The matrix N} is now M +1 by M +1. We have Nf(1,1) = p, NF(v,v—1) =1
forv=2,..,M, NF (M +1,M+1) = 1. All other elements are zero. NJ isa M +1
by 2 matrix. It has N§(1,1) = 1 and all other elements zero.

The computation of the unconditional value function, used to compute the
threshold cost, is also very similar when expectations are conditioned on limited
information. In this case H is a M by M matrix, h; and hy are M by 1 vectors

and h is a scalar. We have Y; = (wty .y Ug—pr4+1)’, SO that

1 p p* ... pML
~ P 1 p ... pM2 o2
var(Y;) = 1 _UIOQ (133)
prl 1

The rest is the same as before.

The expressions for the optimal portfolio and value function for investors mak-
ing infrequent portfolio decisions are still the same, except that the first and sec-
ond moments of the excess return are now different. In particular, we now have
Eiqi 17 = MY;, where M is now a vector of length M + 1 with M;(v) = 87 (v)
forv=1,..,M and M;(M + 1) = —7T. We can still write the value function for

investors making infrequent portfolio decisions as

Vi =etie /(1) (134)
with
B2
A— ol G1+ GoY, + Y/GsY, (135)

The matrices G1, G5 and G3 are the same as before. We again have
Gi1+ GoYiw + Y/ G3Yir = YV, . GYi (136)
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where G = G5+ G4 + G5. G4 is now a square M + 1 matrix with the vector G5 in
the last row and otherwise zeros and G5 is a square M + 1 matrix with the element
(M 41, M + 1) equal to G; and all other elements zero. The computation of the

unconditional value function proceeds as before.

The first and second moments of excess returns, needed to compute the equi-

librium exchange rate, optimal portfolios and value function, are now different.

First consider the expectation Eig; 7. The expression (93) of ¢ 1 remains cor-

rect. If M > 1, the expectation of g, ;17 can be computed by regressing g; ;17 on

Uy, .., U pr1- We can write this regression as
~ ! aT
Grivr =Y, 0 +€

The regression yields

~

BT = (var(Y:)) " teov(Yy, Gurir)

where var(Y;) is given by (133) and

Zso:O U('Uv T)pv
2

cov(fft, @t,t+T) = . Oy

o ar—1 Oulv, T)po~ M

We then have

o

EiGiirr = Z zu(v,T)e;,

v=1
where

v+1

2,0, T) => BH (k)™ v=0,.,M—1
k=1

z2o(0, T) = pzy(v—1,T) Yo>M—1

We now have .
Y B piGr—rsr ik = G ()€1,
k=1

where
min(v,T—1)

G = > a@-kT)

k=0

(137)

(138)

(139)

(140)

(141)

(142)

The following change now needs to be made to (98)-(99). If investors making

frequent portfolio decisions condition expectations on limited information we need
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to replace n}(v) with ¢}(v) and nl(v) with 0. If investors making infrequent port-
folio decisions condition expectations on limited information we need to replace
nL(v) with ¢'(v) and nt (v) with 0.

If investors making infrequent portfolio decisions condition expectations on lim-
ited information we also need to compute vary (¢ ) and vary(gex) (k= 1,..,7T).

The former is

T
vary(Geesr) = Y ()\u(v,T)Zaz + (v, T)Zai) +

v=1
o0 T _ 1 2b2 2
S ((0u(0.T) = zafw)202) + L= (1)
v=0 ~ Pz

vary(gi+x) can be computed similarly as the conditional variance of g ;7. Follow-

ing the same procedure as above with ¢, on the left-hand side we get

o0

tht—i-k = Z fu(U, k)eg—v (144)

v=1

Using (89) it follows that analogous to ¢+ we have

k
Gk = Y (M B)ety, + Ao ) ) + (145)
v=1
> (0ulv, k)ety + 0u(v, k)er )
v=0
where
j\u(/{, k‘) = a7
M0, ) = g1y — gy — pF7 0 v =1, k-1
6u(V, k) = Qpr1y — Ahyo — P 0 >0
and
S\m(ka k) = bl
j\x('l}, k‘) = bk+17v — bk,U v = 1, ..,/{,‘ -1

(=%

I(U, k) - bk—i—l—i—v - bk—i—v

It therefore follows that

k
vary(Qix) = Z (S\U(v, k)02 4+ A (v, k:)%i) +
v=1
0 k k-1\272 2
< = Pz — Pz b Oz
S (0. 0) — 2l + L= (146)
v=0 T
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Finally, it should be pointed out that when investors making frequent portfolio
decisions condition expectations on limited information the matrix D in the hedge
term is now of length M 41 and D(M +1) = 0. Therefore in equations (103)-(105)
we now have that the elements D(k) for k larger than M are zeros.

We finally need to discuss the case where M = 0, so that no information is
processed to compute the expected change of the exchange rate. The exchange
rate is assumed to be a random walk. We only consider this when all agents make
infrequent portfolio decisions. We assume that there is knowledge of the current

interest rate and projected future interest rates. In that case
Eiqiivr = — Z p(0,T)p"€, (147)
v=0

Therefore z,(v,T) = —p(0,T)p". Everything else follows as before. In this case

we also have -
EiGiir = — Z Pk_HUE?—v (148)
v=0

so that z,(v, k) = —pF=1tv,

1.9 An Additional Asset

Now consider adding to the model an additional asset whose return is uncorrelated
with the excess return on foreign investments. In fact, it is uncorrelated with both
of the other shocks in the model. First consider an investor making frequent
portfolio decisions born at t. The portfolio return from ¢t + k — 1 to ¢t + k now

becomes
P igdk—1 F St41—St4k—1H03, 0 1 _ plttk—1 P Appk _ pltrk—1
Ry, =e + bt,t—‘rk(e k-l —e )+ dt,t—i—k(e e ) (149)

where df w1 18 the fraction invested in the third asset and A, is its return. It is
uncorrelated over time and distributed N(A, 0%). The second order approximation

of the log return then becomes

Ttp+k+1 = F+bft+th+k+1+O'5b5t+k(1_b5t+k:)012?+d5t+k(AtJrk_f)+0'5dft+k(1_d5t+k)ai
(150)

We now have
Vi1 = Yippor He1Yipes1 + (1 =)l = (151)
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(1 - ”Y)f + (1 - V)bft+th+k+1 + (1 - )0 50, t+k(1 - bek)U% +
( )dt t+k<At+k ) + (1 - )0 5d, t+k( —d; t+k>0A +
Vo1 He1Yerwr (152)

Substituting q;yx11 = MfYtJrk + M§6t+k+1 and Yk = N{“YHk + N§et+k+1, this
becomes
Vephr1 = (1 —7)7+ (1 - V)bfwkaYtJrk + (1 — 7)0.5b; t+k< - b5t+k)012~“ +
Y (N Hya NYY g+ Cfevprrr + €401 O €
+( )dt t+k(At+k - 77) + (1 - )O 5dt t+k( dt t+k> (153)
It follows that
By pettri+l = el (154)
where
err = (1 =7 + (1 = )bf, t+kM Vi +0.5(1 — )b, k(1 bft+k)012? +
Y, o (NFY Hya NEY g, + 0.50n(|QF|/|Z]) + 0.5CTQF(CF) +
(1 =)df 1 (A =7+ 0.503) — 0.5v(1 — ) (df 1) 04 (155)

This can be written as

Oppre = A"+ By + CF(04)* + BRdyy o + CA(dpy ) (156)

where
B = (1 —-9)(A—7+0.503) (157)
Ck = —0.5v(1 — 7)o% (158)

At t + k the investor chooses the portfolio to maximize the expected t + k + 1
value function, which is equivalent to maximizing v;,;. The portfolio for bf 4k 1S

the same as before. For the third asset we get

-BY 1 A-r

divyr = 5 = o + —— 159
tt+k 2OZ 2,y fYO_QA ( )
Substituting the optimal portfolios in 0,5 we have
. Bk 2 Bk 2
P L A0 R C/ Y Gl + GiYour + Y/ G Yo (160)

ACk 4ACk
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with the only change from before that to the previous expression for G} we need

to add _
1—v(A—7+050%)>

v oA
Next consider investors making infrequent portfolio decisions. For investors
born at time ¢ the portfolio return from ¢t +k — 1 to t + k is

0.5

(161)

RP, = ciriot 4 bl (e —semmobifpy  gienkon) 4 gl (eBek _ ginkt)  (162)
Log-linearization gives
Tt =T + b Qryprr + 050 (1 — b)o% + d] (A, — 7) + 0.5d{ (1 — d} )ox (163)
The value function when born is
Vi = Bttt trin) (1 — y) = € /(1 - ) (164)

where

b= A+ Bb] + C(b])* + Bad] + Ca(d)? (165)
Here A, B and C are as before and

Brn = (1—%)T(A—-7+0.50%) (166)
Can = —05v(1 —~)Tox (167)

The optimal portfolio b/ is as before. For the third asset the optimal portfolio
s B A
- 1 -7
i 168
F20h 2y * vo& (168)

Substituting back in the value function we have
0= G + GoY, + Y/ G3Y, (169)

with the only change from before that to the previous expression for G! we need

to add _
1—v(A—-7+0.50%)>

2
Y OA

Next consider the market equilibrium conditions. To simplify matters assume

0.5T

(170)

that investors making infrequent portfolio decisions, and that have already previ-

ously made a portfolio decision, reinvest an increase in wealth due to bond returns
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in the bond market and reinvest returns in the third market into that market. This
simplifying assumption implies that the return on Foreign bonds does not affect
the foreign exchange return through a portfolio rebalancing effect. This way the
FX return remains uncorrelated with the return on the third asset. Portfolio re-
balancing only applies within the bond market, between Home and Foreign bonds.
In that case nothing changes for the Foreign bonds market. We need to keep in
mind though that b = B/W is now smaller. Previously is was set at 0.5. If Home
and Foreign bonds are in equal supply and the steady state fraction of the third
asset in the total supply is d, then b = 0.5(1 — d).

Regarding the third asset, note that the optimal portfolio is not time-varying
and is the same for investors making frequent and infrequent portfolio decisions.
Equating steady state demand and supply for the third asset gives

1 A-7
27 0%

If we pick d, then this implies a value for A. Since we assumed that returns

=d (171)

from this third market are reinvested in that market, in deviation from the steady
state demand will change with returns in this market. Simply assume that supply
changes accordingly, so that there is no need for time variation in the expected
return in this third market, which unnecessarily complicates matters.

We can summarize that there are two changes. First, b = 0.5(1 — d). Second,
to the terms G¥ for frequent traders and G for infrequent trades we need to add a
constant. This constant term can be simplified as follows. For the frequent traders

1t is

(BR)? _(-BX

40k 20%
For the infrequent traders it is

_(Ba) (—BA

TN 2CA

This implies that both for frequent and infrequent traders the value function when

2
) Cx = d*y(1 =)o (172)

2
) Cs=dT(1 =)0k (173)

born is multiplied by
B Tr(1=7)0

This therefore has no effect on the threshold cost 7. In order words, the only effect
on predictability and the threshold cost comes through a drop in the steady state
relative supply of the Foreign bond to b = 0.5(1 — d).
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2 Multiple Currencies

2.1 The setup

There are now N > 2 currencies. For the Home country the nominal interest rate
still equal to 7 and its price level is constant. For the other N — 1 countries the
interest rate follows an AR process. For country n the nominal interest rate is
iy = —uy where

= pup 4 (174)

The innovations have a N (0, 02) distribution, are uncorrelated over time and have
a joint contemporaneous correlation matrix of ¥,. The latterisa N —1 by N —1
matrix. We will assume perfect symmetry for the N — 1 currencies (other than the
Home currency, which is currency N). This has the advantage that we can simply
talk about the predictability coefficient rather than N —1 predictability coefficients.
It also has the advantage that there are far fewer parameters to solve for in the
equilibrium exchange rate. Adopting this symmetry implies assuming that all the
off-diagonal elements of 3, are the same. We will adopt similar symmetry of the
liquidity shocks, which we will get to later. We also assume an equal steady state
bond supply of the N — 1 Foreign bonds.

The portfolio return from ¢ + k to t + k + 1 of investors born at time ¢ making

infrequent portfolio decisions is

N—1 N—1

R = (1 B Z b?I) e+ Z b St S (175)
n=1 n=1

Here b?’l is the fraction invested in Foreign bond n and s}’ is the exchange rate

of currency n relative to the Home currency (units Home currency per unit of

currency n).

The portfolio return of investors born at time ¢ making frequent portfolio de-

cisions is
N—1 N-1
a = a n _en n
R?+k+1 — (1 — E b?ﬂk) e’ + E b?;+kest+k’+1 Sipl Tk (176)
n=1 n=1

where b;' ;fik is the fraction investors born at time ¢ invest in Foreign bond n at
time ¢ + k.
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2.2 Portfolio Choice

In this section we will derive the optimal portfolios and value functions for both

investors that make frequent and infrequent portfolio decisions.

2.2.1 Investors with Actively Managed Portfolios

Consider an agent born at time . We will compute the optimal portfolio and value
function at t + k for k = 0,..,T — 1. The state of the world consists of all shocks
to interest rates and liquidity trade that have happened up to that point in time.
However, we will truncate the state space to T periods before the present date.
This only applies to interest rate shocks. For liquidity demand we can summarize
the state by z = (:%1, L aN ’1),, where 2" captures the impact of liquidity trade on
the exchange rate of currency n and follows an AR process with AR coefficient p,.

/
Also write €}, = (eb,w o eﬁ;l) . We can then write the state space at t + k as
€tk

Yiw = (177)

€ h—T+1
Ttk
1
We know from the Bellman equation that the value function at ¢ + k is equal

to the expected value function at ¢ + k + 1:
Vit = B Vigrn (178)
and that the terminal value function at ¢t + 7' is
Vigr = Wi /(1 =) (179)

We can solve the value function with backward induction. Make the following

guess:
Vi = eXinsdi¥ink (1 — 7y (=DT=Rploy /(1 — ) (180)

where H}, is a square matrix of size (T'+1)(N —1)+1. We show that this is correct
by assuming that the value function takes this form for £+ k+ 1 and then deriving
the time ¢t + k£ value function from the Bellman equation. This also gives us an

updating formula relating Hy to Hy,q. Clearly Hp is a matrix with only zeros.
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We know that
Wit = (1 — 7)Wppetern (181)

/
Write the vector of portfolio choices as bf,,, = (b,}fik, o bﬁ;}f) . Also write the

!/
conditional variance-covariance matrix of excess returns ¢, ;11 = (qtl kL o Qﬁ;-lu)
as 3, and the vector of conditional variances as var(q), which contains the diag-
onal elements of ¥,. We again adopt a continuous time approximation of the log

portfolio return (based on Ito’s Lemma):
18 e =T+ (0 ) (Qerss + 0.5var(q)) — 0.5(bf, ) Seblyy, (182)
After substituting (181) and (182) into the Bellman equation we have
By et = e¥iprtidin (183)
where

Vg = (1 —9)7 + (1 — 7)(bft+k)/(Qt+k+1 + 0.5var(q))
_0-5(1 - 7) (b5t+k)lquft+k + Yt,-s-k-i-lHk—HY;#-k—H (184)

We will now show that there is a matrix GG; such that
Ey ettt = Y ianGRY itk (185)

The Bellman equation then implies Hy, = G}..
We can write
Qrks1 = MEYip, + Myepipin (186)

where
6“
€t+k+1 — tx+k+l (187)
€itk+1
We will derive below that

Q1 = AL, D)€ py + 016y + Z 0u(v, D)€y + (pr — 1) Zep — 7 (188)
v=0

Therefore MF(1 : N — 1,1 +o(N —1) : (v+ 1)(N = 1)) = §,(v,1) for v =
0,.,7—1, Mf(1: N=1,(N-=1)T+1:(N-1)(T+1)) = (p. — DIy_1.n-1,
MF(1:N—-1,(N=1)(T+1)+1)=—, M¥(1: N—1,1: N —1) = \,(1,1) and
My(1: N —1,N:2N —2) = b;. ¢ is a vector of ones of length N — 1.
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We can also write
Yijer1 = NfYt-&-k + N2k€t+k+1 (189)

The matrix NF is (T +1)(N —1)+1 by (T +1)(N — 1)+ 1. It has zeros in the first
N—1rows. We have NF(v(N—1)+1: (v+1)(N—1), (v—=1)(N=1)+1:v(N—-1)) =
Inoany-gforv=1,.,T—1, N(T(N—1)+1:(T+1)(N—-1),T(N—-1)+1:
(T+1)(N=1))=peIy_1ny-1and Nf(T+1)(N-1)+1,(T+1)(N—-1)+1) =1.
The matrix NJ is (T 4+ 1)(N — 1) + 1 by 2(N —1). We have N¥(1 : N — 1,1 :
N-1)=Iyyn1, NN(T(N—=1)+1: (T+1)(N —1),N : 2N —2) = b; and zeros
elsewhere.
It follows that

Vg1 = (1 —9)7 + (1 — )(bftJrk) M{Yyyp, +0.5(1 — )(bft+k)/va’r(q) -
0.5(1 — )(bft-i-k) by bt Atk T Y;rk(Nf) Hk+1Nl Yir +

Creérsr + €11 Caerprn (190)

where
CF = (1= 7)(bf 1) My + 2 (N} ) Hya Ny (191)
Cy = (N¥Y Hy 1 NY (192)

We know that €41 ~ N(0,X) where X[1 : N —-1,1: N —1] = 3%,, ¥[N :
2N — 2, N : 2N — 2] = ¥, and other elements zero. Here ¥, is the variance-

covariance matrix of the N — 1 liquidity shock innovations. Therefore

E't+kecf€t+k+1+5;+k+1C§€t+k+l —

|E|0152 /€Cf6t+k+1+€;+k+1056t+k+1_0’5€§+k+1271€f+’“+1d€t+k+1 =
o2

1 Clesypy1+te, (CE—-052"Vepypra |Qk|0' 0.5CkQF(CF)
Sfsr ) ¢ A derket = Jyjos © D(193)

Here the last equality uses the moment generating function of the normal distrib-

ution and
QF =t —-20H)t (194)

It follows that
By pelrkrt = el (195)
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where

Opr = (L= )7+ (L= 9) (0 ) M Yapr +0.5(1 = 7)(by14.) var(q)
—0.5(1 = ) (0 141) Sgbirsn + Yok (N Hen NY Y +
0.5In(|Q%|/|%]) + 0.5CTQF (CTY (196)

;From the definition of C} we have

Cka(Cf)/ = ( ) (bt t+k:) (k)bt t+k + 2( )(bfwk) Dy K+k + 2Yt+le2€Yt+k

(197)

where
65 (k) = MEQF(MEY (198)
Df = 20MEQH(NEY Hyyy N} (199)
DE = 2(NFY Hyyt NEQH(NE) Hy 1 NF (200)

Therefore

Uik = A"+ (b 1) BT + (0140) C*0f (201)

where

AP = (1= )7 + Y (NY) Hi Ny + D5) Yy, + 0.50n(|Q8|/|2]) - (202)
B* = (1 = ~)(M{ + D5)Yig + (1 = 7)0.5var(q) (203)
CF = —0.5(1 — )%, + 0.5(1 — v)%6%(k) (204)

At t + k the investor chooses the portfolio to maximize the expected t + k + 1

value function, which is equivalent to maximizing 0;,;. This yields
byyir = —0.5(C*) 7' BY = (C*) "N (M] + DY) Yk + 0.5(C*)toar(q)  (205)

where C* = %, + (v — 1)6%(k). Note that M;Y;,, = B¢ 1grix+1- The hedge term
is proportlonal to DYY, . With ¢ = ¢ + 71 the excess returns in deviation from

steady state, the optimal portfolio can then be written as
bftJrk = b"(k) + (C*) ' By r(Grinsr) + (CF) ' DYy, (206)

where

b (k) = (C*)~1(0.5var(q) — ) (207)
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Substituting the optimal portfolio in 9,4 we have
O = AF = (1/4)(BYY ((C*)71) By = Gy + GiYipw + Y/, GiY i (208)

where

Gy = (1= 7)7 + 0.5n(|Q"|/|Z[) + ;(1 —y)var(q)'(C*) tvar(q)  (209)
G2 = 0.5(1 — v)var(q) (C*) " (MF 4 D¥) (210)
G3 = (NFY H, NF + DE 4 0.5(1 — 5)(MF + DEY(CH)~1(MF + DF)(211)

We can write
G+ GiYir + YZ-HcGzYtJrk =Y/, GrYiun (212)
where G, = G3 + G + G}, G+ is a square (T + 1)(N — 1) 4+ 1 matrix with the
vector G in the last row and otherwise zeros and G3 is a square (T +1)(N —1)+1

matrix with the element ((T'+ 1)(N —1)+ 1, (T +1)(N — 1) 4+ 1) equal to G}. and
all other elements zero. It follows that H, = Gy.

2.2.2 Investors Making Infrequent Portfolio Decisions

Now consider an investor born at time ¢t making one portfolio decision for the next

T periods. The time ¢ value function is
V, = B0 i’+1+--+r§’+T>/(1 —9) (213)
We again adopt the continuous time approximation for the log return:

Toip =T+ (b ) (@tax41 + 0.5var(q)) — 0. 5(b ) Uart(qt+k)bl (214)

where varg(q) is a vector that contains conditional variances at time t of each of
the N — 1 excess returns at ¢t + k. We then have

Vi = eA+(b{)’B+(b{)’Cb{/(1 — ) (215)

where
A = (1-9)fT (216)
B = (1—9)Eiq i1+ 0.5(1 — Z varg(q (217)

C = 05(1- ’Y)QUart(Qt,t—f—T) —0.5(1 — Z vary(qirx)
k=1

= —0.59(1 —v)o7 (218)

35



where

1 1 &
? = (1 — ) ’Ua?”t<q1§ t+T) + - Z varyg thrk) (219)
Y 7 k=1
The optimal portfolio is
I -1 I on—1 Bt i+
by = —05C"B=0b + (0]) ———— (220)
Y
where .
0.5, va
b = (o2) 1 252k VOklD) (221)
g
Writing ¢ ++7 as the excess returns in deviation from steady state, we have
_ E.é
bl = 4 (o2)" LT (222)
Y
where s B
o (a?)_10'5 g varg(q) — 1t (223)
Y
Substituting the optimal portfolio, the value function becomes
vV, — eA-(1/9B (C7) B(1—~) (224)

We will derive below that F;q; ;7 = M,Y;, where M; isa N—1by (T+1)(N —
1) + 1 matrix with M(1: N — 1,1 +o(N —1): (v+1)(N — 1)) = 6,(v,T) for
v=0,.,T -1, Mi(1:N—=1,(N=D)T+1:(N-1)(T+1)=(pl —)Iny_1.n1
and M;(1: N —1,(N —1)(T +1)+1) = —FTt. We have

— (/4B (C7) B = G1 + GaYi + Y/Ga; (225)

where

Gi=(1—7)rT + 1/8 7 (Zvark )(ai)—l (évark(q)> (226)

Gy = 0.51_77 > wvarg(q) (o7) " M (227)
Ga = 0.5~ (M) ()M (228)

We can write

Gl + GQE + Y;IG3Y; = YZGY; (229)
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where G = G3 + G4 + G5. G* is a square (T + 1)(N — 1) + 1 matrix with the
vector G? in the last row and otherwise zeros and G is a square (T +1)(N —1)+1
matrix with the element ((T 4+ 1)(N — 1)+ 1, (T +1)(N — 1) + 1) equal to G* and

all other elements zero. The time ¢ value function is then

Vo= (11— ) (230)

2.3 Linearization of Market Equilibrium Conditions

The market equilibrium condition for currency n bonds is

nr Z bt k41, t k1t T T Z bt k+1WtI k1,6 T (T + o} )W Be*t (231)

k=1
where
k—1
F k—1
W, k+1t = H Rt k+z+1<]‘ 7) (232)
N-1
D _ 7
Ry pyip1 = ( > bl ktlt— k+z> +
n=1
N-—1
—s +iT
Z bt b1t ki€ 53 il ™ St —hoti Tk (233)
n=1
and
k—1
I
Wt k+1,t — H Rt k+i+1 (234)
=1
N—
D
Rt—k-l—i—‘rl Z t— k—l—l
ST —s™
Z bt fog 1 €t R Stk T e (235)

We differentiate this budget constraint around the point where exchange rates
and asset returns are zero, 7 = 0, and portfolio shares are equal to their steady

state values. The first order Taylor approximation of the term b W gy s

F _
bt k41 tWtfk+1,t =

k-1

N-1
b? k1t T b (k — 1) -7+ Y o™ (i — 1)q" pyina (236)
1 m=1

.
Il
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therefore

T N-1T-1
S W = Z b T ET 30 DR (R) G (237)
k=1 k=1 m=1 k=1
where
T =30 (k)k(F - 7)
k=1
ko (k Zb"F DY (i + k= 1)
Similarly
T ; T ; N-1T-1
7, I n, 7,1 n,m,I m
> by kit Wik = Db R DDk (K)qi" 11 (238)
k=1 k=1 m=1 k=1
where
kol =% b Tkr
k=1

E'(n,m, k) = (T — k)b o™!

Finally, a first order Taylor approximation of the right hand side of the budget

constraint is Be®* = B + Bsy'. The budget constraint can then be rewritten as

nFZb k+1t+n12bt k.+1+nF]_fn7F+n[l_fn’I+
k=1 k=1

(npk™™F (k) + n' k"™ (k) g™ oy + (T + 2} )W = B + Bs}' (239)

We define W as equal to total steady state wealth when evaluated at returns on
Home and foreign bonds equal to their steady state levels (7 for Home bonds and 0
for Foreign bonds), the fraction invested in each Foreign bonds is b for all investors
(the steady state relative supply of each Foreign bond) and a zero portfolio decision
cost for investors making frequent portfolio decisions.

Based on that definition we have

W =wnT (240)
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where

w=3 (BT (241)

k=1
RP = (1— (N —1)b)e" + (N —1)b (242)

Dividing (239) by nT yields

d 1 7, 1 7.n 7.n
Ztk+1t+ f)Tth k+1+T(fk’F+(1_f)k )+
k=1

??‘
—_

’ﬂ
-

Nz_i
=5

+ wbs;' (243)

PR (R) 4 (L= FOR™ (R)) g gy + 0T+ wayf =

ﬂ \

where b = B/W is the steady state supply of each foreign bond divided by steady
state wealth, which is the steady state fraction invested in each foreign bond.

Let ¢ again denote the excess return in deviation from its steady state. Then
subtracting the steady state from both the right and left hand sides of (243), and
substituting the expressions for optimal portfolios, gives (for the entire set of N —1

market clearing conditions)

o 1 E SN AR
gl T = gl
T-1 1
Z Ath k+1 + wWxy = U)bSt (244)

where Ay is a N — 1 by N — 1 matrix such that Ay(n,m) = fE»™F(k) + (1 —
Hkm™I(k) and

T
D= 1Y Dl
Tk:l
2\—1 __ l d ék*l —1 24
(0% = 2 220 (215)
k=1

The constant term in the portfolio of liquidity traders is again set such that
the market clearing conditions holds in steady state for a given real interest rate

7. The steady state  plays no role in the analysis below.
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2.4 Solution Equilibrium Exchange Rate

In this section we will discuss how the equilibrium exchange rate is solved for a
given fraction f of investors making frequent portfolio decisions. We will assume
symmetry of the innovations in €7 (we already assumed symmetry in the interest
rate innovations). In particular, all the diagonal elements of ¥, = var(ef) are
2. All off-diagonal elements are p,,c2. Write s; = (s%, ..,siv_l)/. We

conjecture that equilibrium exchange rates at time ¢ depend linearly on present

equal to o

and past innovations:

st = A(L)e; + B(L)e} (246)

!/ /
- 1, N-1,
where € = (5%, e 1) and € = (et S x)

A(L) = ay + agL + asL* + ... (247)
B(L) = by + byL + b3 L* + ... (248)

Here a; and b; are N — 1 by N — 1 matrices. The number of lags is infinite in both
lag operators. Substituting (246) into the market equilibrium condition (244),
we obtain an equilibrium exchange rate equation. We then need to equate the

conjectured to the equilibrium exchange rate equation. We choose the process
xy = C(L)el = (c1 + oL + csL? + ..)er (249)

such that byy1 = pyby for £ > 1. Assume that ¢; = Iy_1 n—1. Below we will show
how to solve A(L), C(L) and b, by imposing foreign bond market equilibrium. We
will write #; = B(L)e}. Therefore

St = A(L)E;‘L + 'Z%t (250)
i’t = pwizt,l + b1€f (251)

In order to solve for the equilibrium exchange rate equation we need to write
both sides of the market equilibrium equation as a function of the underlying
innovations and then equate the coefficients multiplying these innovations on the
right and left side of the equation. The overall approach is rather straightforward,
but the algebra is a bit lengthy.

We first need to compute first and second order moments in the market equi-

librium condition. Starting with the second moments, we need to compute (i)
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vary(qyx), k=1,..T; and (ii) var(qgi¢+r). Starting with the former,

Jt+k = St+k — Stik—1 — Utpk—1 =

(R0, B)elyy + Aalv, R)e,) +

NE

@
Il
—_

gu(va k)E?_v + plz’il(px - 1)§;t

NE

and

Aok, k) = by
;\;E(U, ]{Z) = bk—l—l—v - bk_y v = 1, ..,]{7 -1

We will also write -
pg_l(px - 1)‘%15 - Z 52?(”7 k)‘gtva
v=0

where 0, (v, k) = bgy140 — bpiy for v > 0. Therefore

vary(qek) = Y (/_\u(v, EYSuda (0, B) 4+ Ao (v, k) Zp e (v, k;)')

v=1
Now consider the variance of ¢ ;7. We have

T T

Jti+T = Z Jt+k = St+T — St — Z Uttv—1
k=1 v=1

We can write

T 00 T-1 /T—v
Yooy U1 = (Z Pv_1> dYorlel, D (D Pk_1> GES

v=1 v=0 v=1 \k=1
v

o0
> pE ., +
v=0

1—pT
1—

~
L

o0

p(07 T) Z pveg—v + Z p(U’ T)E?‘H’

v=0 v=1
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where p(v,T) = (1 = p"*)/(1 - p).
Substituting (246) and (255) into (254) we get

T-1

Grivr = ar€typ + O (—p(0, T)In_1n—1 + ar—vs1) €y + (256)
v=1
T-1
biefp + Y br_vir€fy, +
v=1

(—=p(0, T)p In-1.n-1 + aryoss — Gupr) €, + (py — D3 =

( v, 7)€y + Aa(v, T)€t+v) + 25 v, T)efy + (pg — 1)

v=0
At times we will also write
(px - 1)j;t - Zax(va)Et v
v=0
It follows that
T
vary(quirr) = Z A0, T)Z A (0, T) + Ao (0, T)E A (0, T)) (257)
v=1

Next consider the first moments. Using (256) for 7' = 1 we have
Eiqi1 = EyGrip1 = i Ou(v, )€, + (pe — 1)2 =
i du(v, ey, + i 0z (v, 1), (258)
v=0 v=0
and

T
> B paQ—kr1 k14T = (1 +L+.. + LT*I) Eiqiivr =

k=1

L+ L+ + L") Y (0u, T)er, + 0: (v, T)er, ) =

v=0

oo min(v,T—1) oo min(v,T—1)
Y bv—kDe,+> Z de(v—Fk,T)ey , =
v=0 k=0 v=0
D (Ve + Z 1, (V)€ (259)
v=0 v=0

42



Therefore

T o7 2 5 =
S m)ei, + X mv)L (260)
where
o) = F0) () + (1= p(od) il (261)
1) = o) 0k0) + (1= £)pod) 0l (262)

We finally need to compute, as a function of model innovations, the expression
1 T—1

f Z Ak:gt—k-i—l (263)
k=1

in the linearized market clearing condition. Using (256) with ¢ replaced by t — k
and T by 1, we have for £ > 1

Grr1-k = Au(L 1)+ Ae(L 1)l + (264)
> (Gulv, ety + 00, )€l ) =
v=0
> (wu(v, k)e , + ws(v, k)ef_v)
v=0

where
wu(v,k) =0n_yn—1 v=0,.,k—2
wu(v, k) =A(1,1) v=Fk—1
wy(v, k) =6d6,v—Fk1) v>k
we(v,k) =0n_yn-1 v=0,.,k—2
we(v, k) =X(1,1) v=k—1
we(v, k) =d6,(v—Fk1) v>k

It follows that

= D ArGpi1 =

Tk:1 t—k+1

> (), + pa(v)er,) (265)
v=0
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where

1T1

p (V) TZAkwuvk)
k=1
1T].

f (v Z Agw, (v, k)

k 1

Substituting (260) and (265) into (244) we get

K

wbst = (T]u(l}) + ,U/u(v)) dbiv +

S
Il
o

—1,1+0(N—=1): (v+1)(N —1))e",

i MH‘

+fD((N—1)T+1:(N—1)(T+1 xt—i—z N:(v) + pz(v) + weps) €,
v=0

Equating the conjectured to the equilibrium exchange rate equation then gives

wbayi1 = Nu(v) + pu(v) + (266)
fDA:N—-1,1+v(N—=1): (v+1)(N—-1)) Yo=0,..,T—1

whay1 = Nu(v) + pu(v) Yo >T (267)

wbbyy1 = N (V) + pz (V) + wepiy + (268)

fDA:N—-1,(N—=1)T+1:(N—1)(T+1))bp’ Yv>0

We can solve for A(L) and b; using (266) for v = 0,..,7 — 1 and (268) for
v =0 (using ¢; = Iy_1,n-1). We therefore omit equation (267). This is equivalent
to truncating the state space after T' periods. We only solve for ay, .., a7 and set
apy, = 0 for k > 0. This is a very close approximation for large T as the impact
of interest rate shocks on the exchange rate dies out over time. Once A(L) and
by have been solved, ¢(v + 1) for Yo > 0 can be solved from (268). But these
parameters are inconsequential for the analysis.

The solution is simplified by the fact that we have assumed symmetry. This
means that each a, has really only two unknown parameters. All elements on the
diagonal are the same and all elements off the diagonal are the same. The same is
the case for b;. So the total number of parameters to solve is 2(T + 1), twice the

number as with 2 currencies.
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2.5 Computation of the Threshold Cost

In this section we compute the threshold cost such that investors break even be-
tween making frequent or infrequent portfolio decisions. Consider an investor born
at time t. If the investor makes frequent portfolio decisions the time ¢ value func-
tion is
Vi = MY (1 — )T (1 — ) (269)
The decision whether to make frequent portfolio decisions or not is made when
born before the state is observed. Therefore we need to compare the unconditional
value functions at time ¢, before observing the state vector Y;. We therefore need

to compute the unconditional expectation of

e¥iHoYt (270)
Define -
H h

Hy= ( . ) (271)
By, h

where H is a (N —1)(T+1) by (N —1)(T +1) matrix, h; and hy are (N —1)(T+1)

by 1 vectors and h is a scalar. Also write

Y:(w (272)

Then
V, = eht VY () ) (273)
where - -
P ;r ha (274)

We have Y; ~ N(0,%,) , where 3, (N —1)(k—1)4+1: (N =1)k,(N—=1)(k—1)+1:
(N-1Dk)=%,fork=1,..,T,%,(N-1)T+1: (N—=1)(T+1),(N-1)T+1:
(N —1)(T +1)) = b3, /(1 — p2). The other elements of 3, are zero.

Therefore
Et€h+2§'t’i’z+l7gflﬁ _
1 7 2k Y4V Y =0.5Y/5, 'Y gy
]Zy\0~5(27r)0~5T+0~5 t
1 h+2R' Y +Y/ (H—0.55, Y, 157 |Qy’0'5 h+2R' Qb
|Zy|0~5(27r)0~5f+0~5 € ' vtdY; = |Ey|o.5e (275)
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where

Q,= (5, —20)" (276)

The unconditional expectation of the value function for investors making fre-
quent portfolio decisions is computed in exactly the same way. If we write the

expected value for investors making frequent portfolio decisions as
of'(1 = 7)=0T (277)

and the value function for investors making infrequent portfolio decisions as v,
then the threshold cost
1
T=1-— (U]/’UF)W (278)

2.6 Computation of Excess Return Predictability

In this section we discuss how to compute in the context of the model the coef-
ficients ) in the regression of the excess return ¢;,, on the forward discount at

time ¢. It is equal to
cov (g, fd)

var(fdy)
We need to compute both the numerator and denominator. The forward discount

(279)

is equal to
fdi = +7 (280)
We have .
cov(Grin, fdy) = u(v+k—1,1)p"%, (281)
v=0

The numerator of (279) is the element (n,n) of cov(giix, fd;) (or any element on
the diagonal of cov(qiyk, fd;)). The denominator of (279) is

o0

var(fdy) =3 _(p")’o, (282)

v=0

2.7 Expectations Conditioned on Limited Information

We now consider the case where agents only use the past M interest rates to form
expectations about future exchange rates. Most of the solution procedure is the

same as above. We therefore only note the changes.
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First consider investors making frequent portfolio decisions. The relevant state
space at t + k is now
Uttk

Yy = (283)

Ut k—M+1
1

where u; = (u},..,u; ')’. We make the same guess for the value function as before,

although now the matrix Hy in the exponential of the value function is a square
matrix of size M (N — 1) + 1.

Define the vector

Grrkt1 — By Qirt

GU/
€rrsil = ( t+k+1 ) (284)

Below we will derive

EriiGrerir = B (Dugsr + -+ B (M)uerpnrs1 (285)

Below we will also derive the conditional variance vary i (qiyxr1). Clearly vary (€}, q1) =
Yo and covpk (€ pis Gpkr1) = Au(1,1)X,. These define the elements of the
matrix ¥ = varyi(€4p41). The matrix MF is now N —1 by M(N — 1) + 1
with MF((v — 1)(N — 1)+ 1 : v(N = 1)) = B for v = 1,..,M and MF(1 :
N —1,M(N —1) +1) = —7.. The matrix M} is N — 1 by 2(N — 1) with
My(1: N —1,N:2N —2) = Iy_; y_1 and otherwise zeros.

The matrix Nf is now M(N — 1) +1 by M(N — 1) + 1. We have Nf(1 :
N-1,1:N—-1)=ply_ 1 n_1, Nf(v=1)(N=1)+1:0(N—1),(v—2)(N—-1)+1:
(v—1)(N—-1))=Iy_1n1 forv=2... M, NN(M(N—-1)+1, M(N—-1)+1) =1.
All other elements are zero. N5 is a M(N — 1) + 1 by 2(N — 1) matrix. It has
N¥(1:N—1,1: N—1)=Iy_ 1y and all other elements zero.

The computation of the unconditional value function, used to compute the
threshold cost, is also very similar for when expectations are conditioned on limited
information. In this case H is a M(N — 1) by M(N — 1) matrix, h; and hy are
M(N — 1) by 1 vectors and h is a scalar. We have Y, = (Wty .y Ug—pr41)’, SO that

> pXy p?8, ... pMTI%,

. Sy Se p8 . pME, |1
var(@) = | ° P P — (286)
—p

oM, Yu
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The rest is the same as before.

The expressions for the optimal portfolio and value function for investors mak-
ing infrequent portfolio decisions are still the same, except that the first and
second moments of the excess return are now different. In particular, we now
have Eiqiiir = MyY;, where M, is now a vector of length M (N — 1) + 1 with
Mi(v=1)(N=1)+1:0(N—-1)) =pT(v) forv=1,..,M and M{(M(N—-1)+1) =
—7T. We can still write the value function for investors making infrequent portfolio

decisions as

Vi = et i /(1 - ) (287)
with
BQ
A— 0 G1+ GoY, + Y/G3Y, (288)

The matrices G, G5 and (3 are the same as before. We again have
Gl + G2Y;t+k + Y;/_s_kGBY;t-kk = Y;_kGYHk (289)

where G = G3+ G4+ G5. G4 is now a square M (N — 1)+ 1 matrix with the vector
G in the last row and otherwise zeros and G5 is a square M (N — 1) + 1 matrix
with the element (M (N —1)+1, M(N —1)+1) equal to G; and all other elements
zero. The computation of the unconditional value function proceeds as before.
The first and second moments of excess returns, needed to compute the equi-
librium exchange rate, optimal portfolios and value function, are now different.
First consider the expectation E;g ;7. The expression (256) of G ;17 remains
correct. If M > 1, the expectation of g, can be computed by regressing g, , r

on Uy, .., Us_pr+1. We can write this regression as

QNZtJrT = }77&/671; +e€ (290)
The regression yields
By = (var(Y1)) ™ cov(Yi, ¢r) (291)

where var(Y;) is given by (286) and

3020 2u5u<vy T)l:Nfl,npU
cov(Yy, @yyr) = (292)

-1 Zu0u(V, Ty —1p? ™M
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We then have

EiGisvr = Z zu(v, T)e, (293)
v=1
where
z (v, T)
zy(v,T) = (294)
ARG
with

v+1

=Y BH(k—1)(N=1)+1:k(N-1)p""" % v=0,.,M—1
k=
z(v,T) = pzi(v—1,T) Yo>M-—1

We now have

T
Y Ere1Gpiri—krrar = G (V)€ (295)
k=1
where
min(v,T—1)
Gw)y= Y  zv—FkT) (296)

k=0

The following change now needs to be made to (261)-(262). If investors making
frequent portfolio decisions condition expectations on limited information we need
to replace n}(v) with ¢!(v) and nl(v) with 0. If investors making infrequent port-
folio decisions condition expectations on limited information we need to replace
nL(v) with ¢'(v) and nI (v) with 0.

If investors making infrequent portfolio decisions condition expectations on lim-
ited information we also need to compute vary (g 7) and vary(gex) (k= 1,..,7T).

The former is

T
vary Qt t+T Z U T Z A (UvT), + )‘w(va)Ex)\z(vaT)/) +

20(0, T))Z0 (0, (v, T) — 24 (v, T))) +

OM8

(pg — 1)%6, 3,0}
1—p2
vary(G4x) can be computed similarly as the conditional variance of g ;.. Follow-

(297)

ing the same procedure as above with ¢, on the left-hand side we get

o0

Et(jt—l—k = Z Eu(vv k>€g—v (298)

v=1
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Using (252) it follows that analogous to ¢ .7 we have

k

qt—i-k - Z (S\U(U, k)eq;Jrv + XI(”? k)eterv) +
v=1
> (Su(v, kYel .+ 6.(v, k’)ef_v)
v=0
where
S\u(ka k) = ax
5\u<'U, k) = Og41—v — Qf—y — pkivilefl,Nfl U= 17 ) k—1
6u(V, k) = arp1po — Ahpo — P T Ino Ny v >0
and
E\x(k, k) = b
;\;E(U, ]{Z) = bk—l—l—v - bk_y v = 1, ..,]{7 -1

(o9

:E(U7 k) = bk+1+v - kar'U

It therefore follows that

o

vary(qrr) Z( v, B)S A (v, k) + ;\x(v,k)ExS\m(v,k)’> +

2 (@(v, k) = Zu(0, k) Su(Bu(v, k) = Zu(0,F))) +
(P — pE )20t

]-_pm

(299)

(300)

Finally, it should be pointed out that when investors making frequent portfolio

decisions condition expectations on limited information the matrix D in the hedge
term is now of length M (N —1)+1and D(1: N, M(N —1)+1) = 0. Therefore in
equations (266)-(268) we now have that the elements D(1 : N—1, (k—1)(N—1)+1:

k(N — 1)) for k larger than M are zeros.

We finally need to discuss the case where M = 0, so that no information is

processed to compute the expected change of the exchange rate. The exchange

rate is assumed to be a random walk. We only consider this when all agents make
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infrequent portfolio decisions. We assume that there is knowledge of the current

interest rate and projected future interest rates. In that case
oo
EiGiivr = — Z p(0,T)p"¢}, (301)
v=0

Therefore z,(v,T) = —p(0,T)p"In_1n-1. Everything else follows as before. In

this case we also have o
Eiqiw = — Z piitrer (302)
v=0

so that z,(v, k) = —p* Iy 1 N1,

3 Alternative Modeling Strategies

3.1 Nominal Rigidities

In this subsection we examine the Foreign bond market clearing condition (which
determines the equilibrium exchange rate) in a more general setup that allows for
the possibility of nominal rigidities. Let P be the price index in the Home country
in the Home currency and P* the price index in the Foreign country in the Foreign
currency. While PPP holds in the flexible-price model, so that P = SP*, we
now allow for the possibility that this is not the case. We do not develop an
entirely new model based on nominal rigidities, but instead consider the asset
market equilibrium for any given process for P and P*. This exercise is motivated
by nominal rigidities, in which case P and P* change only very gradually. This
leads to real exchange rate fluctuations that are closely correlated with the nominal
exchange rate.

Allowing for such real exchange rate volatility in the context of nominal rigidi-
ties changes the asset market equilibrium in two ways. First, Home and Foreign
investors will generally choose different portfolios as they now face different price
indices and therefore different real asset returns. Second, for given real endow-
ments when agents are born (assumed equal to 1 in the paper), the relative value
of the initial endowments now varies with the real exchange rate. These changes

do not fundamentally change the equilibrium though.

51



Skipping the algebra, the optimal portfolio shares of Home and Foreign in-

vestors born at time ¢ are

- E
b = pH 4 ST (303)
YoT
- E
pf = pF 4 ZHT (304)
Yo7
where
pH — 0.5 Z;}Fﬂ UC”"t(QHk) + (1 - 7>Covt<it,t+T — P41, Qt,t+T) (305)
yo7
b — 0.5 25:1 Uart((]t—i—k) + (1 - ’V)COUt(Z'erT — St4+T — p:+Ta qt7t+T) (306)
- 2
Y01

where the definition of the excess return ¢; ;7 remains exactly the same as in the
paper, as well as the expression for o?. The constant terms b and b are now
generally different. The differences is proportional to the covariance between the
real exchange rate and the excess return: cov(s;17 + p; 7 — D4 Qri+r)- Thisis a
familiar term as it is well-known that real exchange rate fluctuations give rise to
differences in portfolios as they imply different real returns from the perspective
of Home and Foreign agents. If we adopt a completely symmetric modeling setup
(symmetry between Home and Foreign country), then it is straightforward to show
that the constant terms will add up to 1: b +b" = 1. The important point though
is that apart from these constant terms, portfolio shares are exactly the same as in
the paper where we adopted the PPP assumption. Real exchange rate fluctuations
only affect steady state hedge terms that go into the constant terms.

We now turn to the Foreign bond market clearing condition. When prices are
sticky it makes little difference whether the Foreign bond supply is constant in
real or nominal terms. Let 6 = 1 when BY is the constant Foreign bond supply
in real terms and § = 0 when B is the constant Foreign bond supply in nominal
terms. Then, abstracting from liquidity traders, the Foreign bond market clearing

condition is (in the Home currency)

T T
S oo W+ bW = BY(P)’S, (307)
k=1 k=1

where W/, ., , and W[, ., are wealth at time ¢ of Home and Foreign investors
born at t — k + 1.
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After dividing by (P;)°S;, linearizing and dividing by W, this becomes

g (0 =)+ 32089 ) 4 (308)

k=1 k=1

BH< W _05w> /W+5F< W _05w) W =0
S(pr)e S(pr)°

where WH = ST WH, 41, and wl =l wk, 41, are aggregate Home and
Foreign wealth at time ¢.

The first term of (308) remains exactly the same as in the flexible price case.
This term, which has portfolio shares in deviation from steady states, reflects
gradual portfolio reallocation. These portfolio shares are still the same as in the
PPP case. The sum of the last two terms reflects passive portfolio rebalancing.
When P and P* change very gradually, rebalancing remains very similar to the
flexible price case in the paper. Intuitively, a rise in the Foreign interest rate
leads to a rise in demand for Foreign bonds (first term rises) and a depreciation
of the Home currency. In order to buy more Foreign bonds, others must be selling
them. This happens through passive portfolio rebalancing. A depreciation of the
Home currency reduces the relative share invested in Home bonds as a result of a
valuation effect. This leads to a sale of Foreign bonds for the purpose of portfolio
rebalancing. In (308) this shows up as a drop in the last two terms as the value of
wealth in the Foreign currency, W/ /S, and W/ /S;, falls when some of the wealth
is denominated in the Home currency.

While this mechanism is pervasive and similarly applies to the PPP case and
the case with nominal rigidities, the last two terms are somewhat different for the
case of sticky prices. In particular, omitting the algebra, the sum of the last two

terms in (308) can be written as

1 & _
0.5 D2 (0" pe-rs + 5" (svrn +0f41) + (309)
k=1
1 - 11
( . 0.5)2) ST~ By gges — 0.5(s + 637)
4 T &

In the PPP case (where 6 =0, p; = s; + pj = 0), (309) becomes

117!

— = D (T = k)gr—r+1 — 0.5 (310)
4T —
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There are two differences between (309) and (310). First, the steady state portfolio
shares of Home and Foreign investors are generally different under real exchange
rate fluctuations. This implies that b can be different from 0.5, which affects
somewhat the term involving excess returns (only the magnitude, not the sign).
Second, the relative value of the initial endowments varies with the real exchange
rate. This is captured by the first term in (309).

Neither of these changes fundamentally affect the passive portfolio rebalancing
mechanism, which is reflected in the negative relationship between these portfolio
rebalancing terms and the exchange rate. In the PPP case the derivative with

respect to s; is
T-1 1 1

—0. B ) [ —
0.5+ T 4(+T)

In the model with nominal rigidities, assuming that changes in s; do not immedi-

ately affect p; and py, it is
- - - 1
—b' (1 — o+ (b — 0.5)T>

It is easily seen that this term remains negative as long as b is between 0 and 1,

which the algebra shows is indeed the case.

3.2 A Real Model with Equity

We show that the exact same mechanisms as in the paper hold when we intro-
duce equity rather than bonds. This gives rise to excess return predictability for
Foreign equity. The model is virtually identical to that in the paper, with some
straightforward relabeling of the variables.

One could assume that there are both Home and Foreign trees, but for closest
analogy to the model in the paper we assume that there is only a fixed supply of
Foreign trees and that there is an elastic supply of Home capital with a constant
risk-free return e¢”. The supply of Foreign trees is equal to K and delivers a random
dividend of D;. While not essential in any way, for further analogy to the model
in the paper assume that D, is the dividend paid at ¢ + 1 but known at time {.
This is analogous to the interest payments on bonds at ¢t + 1 being known at time
t.
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The gross return on Foreign equity is then

Py + Dy
P

where P, is the price of Foreign equity (in terms of the consumption good). The
log-linearized Foreign equity return is

. 1 K
T =k + ﬂptﬂ —pet+ m(dt —In(k)) (311)

where k is the steady state dividend yield and & = In(1 + k) = 7. The excess
return is therefore

1 K
- — —(d, — 1 312
qt+1 1+/€pt+1 P + 1—1—5( ¢ — In(k)) (312)

Let uy = k(d; — In(k)) follow the same AR process as in the paper. The above
equation becomes:

(1 + K)Gr1 = Pry1 — Pt + U — Kpy (313)

This can be compared to the excess return in the paper :
Qi1 = Sep1 — S¢ +0f — g = Sgp1 — S¢ + Up — Py (314)

This excess return is analogous to that for equity when we replace s; by p; and ¥
by . The only small difference is that the excess return is multiplied by 1/(1+ &)
for equity.
The asset market clearing condition is the same as well. For Foreign equity it
is .
n};bi—k-&-lwt[—k—i—l,t = KP (315)
where the optimal portfolios are derived as in the paper and the wealth accumulates
as in the paper. This is the same as equation (8) in the paper, with the Foreign
bond supply BS; now replaced by the equity supply K P;. The same analysis as

in the paper therefore carries through, with s; now replaced by p;.

3.3 Government Tax Policy

In the paper, the governments of both countries adopt a balanced budget rule

so that their nominal debt is constant. They receive a return on the risk-free
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capital they hold, pay interest on their nominal debt and use the remainder for
consumption. The holding of risk-free capital by the government is just a device
to generate some income to finance government spending and interest payments.
Instead here we consider a setup where the government receives revenue from direct
taxation rather than from asset income and where the budget is balanced through
adjustment in this direct taxation while holding government spending constant.
We assume that each country has the same constant real level of government
consumption GG and the same constant bond supply in local currency B. Taxation

by the Home and Foreign government is then equal to

Tar! = G+ (e —-1)B (316)
Taxf = G+ (' —1)BS, (317)

The impact of this change on the model depends on which agents the govern-
ment will tax. We consider two extremes: i) newborn agents; ii) agents in the last
period of their life, when they consume.

We now need to distinguish between Home and Foreign agents. When the
government taxes newborn agents, the wealth of the newborn agents is reduced
by the tax. This makes little difference for Home agents since the tax is constant
as i; = 7 is constant. For Foreign agents it will reduce their initial wealth by a
time-varying tax, which in linearized form is equal to Tax!” = G +i; B. The initial
wealth is therefore reduced from 1 to 1 — G — ¢y B. This change is small when
1y B is small relative to 1 — G. It will affect the Foreign bond market equilibrium
condition only through this change in the initial wealth of agents. Importantly, it
does not change the passive portfolio rebalancing mechanism as it does not impact
the effect of the exchange rate on relative asset holdings. It also does not change
optimal portfolio allocation as a function of the expected excess return.

Now consider the case where the government instead taxes agents in their last

period of life. The final wealth that is consumed is now equal to

T—-1
Wir = [[ Riyr_; — Taxer (318)
j=0

where the tax Tax;,r is the Home tax for Home agents and the Foreign tax for

Foreign agents.
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In this case, the only impact is on portfolio allocation. We can write the

linearized log wealth for respectively Home and Foreign agents as

1

wiir = In(1-G)+ m(rfﬂ + ) (319)
1 I

Wiy = In(l-G)+ m@“fﬂ +Tihr) — T—glrB (320)

This changes portfolio in two ways. First, there is an extra constant term 1/(1—G)
in front of the log portfolio returns. In addition, it leads to an additional hedge
term in the optimal portfolio of Foreign agents as they hedge future interest rate
risk. The additional hedge term is

_ BCOU(Qt,HT, Z'::KJFT)

)
Yo7

Similar to the discussion about nominal rigidities, where additional hedge terms af-
fect the steady state portfolio shares, this alters slightly the quantitative magnitude
of the passive portfolio rebalancing term without altering the basic mechanism. It
remains the case that agents on average will sell Foreign bonds for portfolio balance

reasons when the Foreign currency appreciates.
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