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Chapter 1

1.1.

1.2.

1.3.

1.4.

U is a utility function, i.e., U(x) >U(y) < x > y
f(.) is an increasing monotone transformation, f(a) > f(b) < a >b;
then f(U(x)) > f(U(y)) <= U(x)>U(y) = x >y

Utility function U(c,,c,):

FOC: U1/U2=p1/p2

Let f=f(U(.)) be a monotone transformation.

Apply the chain rule for derivatives:

FOC: fi/f2=f "U1/f "U2=p1/p2 (prime denotes derivation).

Economic interpretation: f and U represent the same preferences, they must lead to the same choices.

When an agent has very little of one given good, he is willing to give up a big quantity of another
good to obtain a bit more of the first.

MRS is constant when the utility function is linear additive (that is, the indifference curve is also
linear):

U(c,,c,)=ac, +Bc,
MRS = 2
B

Not very interesting; for example, the optimal choice over 2 goods for a consumer is always to
consume one good only (if the slope of the budget line is different from the MRS) or an indefinite
quantity of the 2 goods (if the slopes are equal).

Convex preferences can exhibit indifference curves with flat spots, strictly convex preferences
cannot. The utility function is not strictly quasi-concave here.

Pareto set: 2 cases.
» Indifference curves for the agents have the same slope: Pareto set is the entire box;

* Indifference curves do not have the same slope: Pareto set is the lower side and the right side of
the box, or the upper side and the left side, depending on which MRS is higher.

a. Ui= 6"°4" =4.90
U2=14"°16"° = 14.97
an /aCf _ GC%

MRS, = L = :
7ou /ot (1-a)e]
j
with o = 0.5, MRS, = -2
i
4
1\/II{S1 :g =0.67



MRS, :%:1.14

MRS1 # MRSz, not Pareto Optimal; it is possible to reallocate the goods and make one agent (at
least) better off without hurting the other.

b.PS={c/=cl,j=12:c} +c}, =20,i=1,2 }, the Pareto set is a straight line (diagonal from lower-
left to upper-right corner).

c. The problem of the agents is

MaxU’ s.t.p,e) +el =p,c! +cJ.

The Lagrangian and the FOC's are given by

- A2 \i2 : . . _
i={.i ] Jamd o ad i
L _(Cl) (Cz) +Y(p1el te; =P Cz)

oL’ 1 c% i
— == —-yp, =0

dc; 2(c!
oL! _1(c v
—=—| — -y=0
oci 2lel) 7
L . . _ .
aa_y:plef +e; —p,ci —¢; =0

. c) : o .
Rearranging the FOC's leads to p, = —f . Now we insert this ratio into the budget constraints of agent
cl

: 2 : . .
1 p,6+4—-2p,c; =0 and after rearranging we get ¢, =3 +-—. This expression can be interpreted as

P
a demand function. The remaining demand functions can be obtained using the same steps.
c, =3p, +2
¢l =7+ 8
b
c; =7p, +8

To determine market equilibrium, we use the market clearing condition ¢; + ¢’ =20,c} +c; =20.
Finally we find p, =landc; =¢}, =5,¢; =c; =15.
The after-trade MRS and utility levels are:

Ul — 504550.5 — 5
U= 15%15" =15
M}{S1 :E =

5
MRS, =2 =1

15

Both agents have increased their utility level and their after-trade MRS is equalized.
d. Ui( cf,c%) =1n((cf)a [(ci )l_a): a lncf + (1 - C()ln ci ,



1.5.

0U,/dci _ ac)
' 9U,/dc} (1-a)c!
Same condition as that obtained in a). This is not a surprise since the new utility function is a
monotone transformation (logarithm) of the utility function used originally.

Ui= In(6°%4%) = 1.59
U= In(14°%16°%) =2.71

MRS's are identical to those obtained in a), but utility levels are not. The agents will make the same
maximizing choice with both utility functions, and the utility level has no real meaning, beyond the
statement that for a given individual a higher utility level is better.

e. Since the maximizing conditions are the same as those obtained in a)-c) and the budget constraints
are not altered, we know that the equilibrium allocations will be the same too (so is the price ratio).
The after-trade MRS and utility levels are:

Ui= In(5%5°%) = 1.61

Us= In(15°°15%) =2.71

MRS, =2 =1
5

MRS, =12 =
15

Recall that in equilibrium there should not be excess demand or excess supply for any good in the
economy. If there is, then prices change accordingly to restore the equilibrium. The figure shows
excess demand for good 2 and excess supply for good 1, a situation which requires p. to increase and
p: to decrease to restore market clearing. This means that p1/p2 should decrease and the budget line
should move counter-clockwise.



Chapter 3

3.1.

3.2.

Mathematical interpretation:
We can use Jensen's inequality, which states that if f(.) is concave, then

E(f(x)) < £(E(X))

Indeed, we have that

E(f(X)) =f(E(X)) = f"'=0

As a result, when f(.) is not linear, the ranking of lotteries with the expected utility criterion might be
altered.

Economic interpretation:

Under uncertainty, the important quantities are risk aversion coefficients, which depend on the first
and second order derivatives. If we apply a non-linear transformation, these quantities are altered.
Indeed, R, (f (U())) =R, (U()) < f1s linear.

a.L=(B, M, 0.50) = 0.50xU(B) + 0.50xU(M) = 55 > U(P) = 50. Lottery L is preferred to the "sure
lottery" P.

b. f(U(X)) = at+bxU(X)
Lt= (B, M, 0.50)t= 0.50%(a+bU(B)) + 0.50%(a+bU(M)) = a + b55 > f(U(P)) = a+bU( P) = a + b50.
Again, L is preferred to P under transformation f.

g(UX)) = InU(X)
Lg = (B, M, 0.50)¢ = 0.50xInU(100) +0.50xInU(10) = 3.46 < g(U(P)) = InU(50) = 3.91. P is preferred
to L under transformation g.

Lotteries:
We show that (x,z,1) = (x,y, 1T+ (1-1) ifz=(x,y, T).

0 X Ww/. probability Tt

X
m
X W/. probability (1-T)T
1-n !
z

1-
! y w/. probability (1-T0)(1-T)

The total probabilities of the possible states are
n(x)=n+(1-njt

m(y) = (1-m)1-1)

Of course, T(x) + T(y) =T+ (1 - ﬂ)T + (1 - ﬂ)(l - T) =1. Hence we obtain lottery (x,y, 1T+ (1-T)1).



3.3

Could the two lotteries (x,z,1) and (x,y,Tt+ (1-T)T) with z = (x,y, T) be viewed as non-equivalent ?
Yes, in a non-expected utility world where there is a preferences for gambling. Yes, also, in a world
where non-rational agents might be confused by the different contexts in which they are requested to
make choices. While the situation represented by the two lotteries is too simple to make this plausible
here, the behavioral finance literature building on the work of Kahneman and Tversky (see references
in the text) point out that in more realistic experimental situations similar ‘confusions’ are frequent.

U is concave. By definition, for a concave function f(.)
f(ha+(1-A)b) = Af(a)+ (1-A)f(b).A Of0,1]
Use the definition withf=U,a=c ,b=c,,A=1/2

1 1 1 1
U(—c1 +5c2j = EU(CI)'FEU(CZ)

2
U@z Ule,)+ Ule.)

2U(c)2 Ufe, )+ U(c,)
v(e,c)2v(c, +c,)



Chapter 4

4.1 Risk Aversion: (Answers to a), b), ¢), and d) are given together here)

1

(1) U(Y)=-— (2) U(Y)=InY
Y 1 (3) UY)=-Y"
U'(Y):%>O U(Y)—?>O U'(Y):yY_V_1>0<=> y>0
nevy = L U@ =-py+1)r7=? <o
2 U'(Y)=—-——<0
U'(¥) =25 <0 =75 oy
R _2 RA:i A Y
A_? Y RR:y+1
R, =2 Ry =1 0R,  y+1
oR, 1 =-—7 <0
oY Y?
5) U(Y Y
(4) U(Y) =—exp(-yY) Gy V=~

U'(Y) =yexp(-yY)>0 = y>0  y(y)=y"

U"(Y) =~y exp(~ YY) <0 U (Y)=(y-1)Y"? <0 = y<1
R, = _
A=Y RA:1 Y
Ry =vY Y
Ry _ o 1;;;:1—\/
_A:y__1<0
ay Y’

6) U(Y)=aY -BY>a>0,>0

U'(Y)=a-2BY >0 o Y <2

2B
U'"(Y)=-2B<0
A = 2[3 >
a-2BY
e B _vso
a-2BY
2
R, _ 4B >0
oY (a-2BY)
Ry =i(RAY): R, Y+R, >0
oy oy oY

Note that y controls for the degree of risk aversion. We check it with the derivative of Ra and Rr
w.r.t.y.



4.2.

4.3.

oR, 1 R,

U(Y)=-v" =— =1
o0y Y oy
OR O0R
U(Y)=—exp(-yY A= R =y
(¥)=-enl-y) o5 .
U(Y):Y—y aRA = i aRR =-1
Y oy Y oy

In the last utility function above, we should better use y = 1-0, so that
_Y' Y™ g Ra = 1 OR,

y 1-6’ 00 Y 06
derivative w.r.t. 0 is positive. If we increase 0, we increase the level of risk aversion (both
absolute and relative).

U(Y) =1(look at Rr = 1-y = 0). After this change, every

Certainty equivalent .
The problem to be solved is: find x such that T[lU(Y,1 ) + T[zU(Y; ) = U(X)

where Y, denotes outcome of lottery L1 in state i and Tii denotes the probability of state i.
If U is bijective, it can be "inverted", so the solution is

x=U"{muly,)+muly!)}

where U™ is the inverse function of U.

() UY)=-— U™ (V) =~

1 1
Y’ Y
-1
=l -t LM Ci6666.67
2\ 50000 10000
(2) U(Y)=InY,U™(Y)=exp(Y)

X = exp l(ln ! +In ! ) =22360.68
2\ 50000 10000

¥ 1
(3) U(Y)= YTU (Y) = (yv)

()

withy = .25,x =24232.88
withy =.75,x = 28125.91

Increasing Y leads to an increase in the value of x. This is because 1-y (and not y!) is the

coefficient of relative risk aversion for this utility function. Therefore, increasing y decreases the

level of risk aversion, and the certainty equivalent is higher, i.e. the risk premium is lower.

Risk premium .
The problem to be solved (indifference between insurance and no insurance) is



44.

4.5

EU(Y) =" InY,1i) = n(100,000 - P)

where P is the insurance premium, Yi is the worth in state i and 7T(i) is the probability of state i.
The solution to the problem is

P =100,000 —exp(EU(Y))
The solutions under the three scenarios are

Scenario A: P=13312.04

Scenario B: P=13910.83

Scenario C: P =22739.27
Starting from scenario A, in scenario B and C we have transferred 1 percent from state 3 to
another state (to state 2 in scenario B and to state 1 in scenario C). However, the outcome is very
different: The premium is slightly bigger in scenario B, while it is a lot higher in C. This could
have been expected because the logarithmic utility function is very curved at low values, and
flattens out rapidly, i.e. In 1 is very different from In 100000, but In 50000 is only slightly
different from In 100000. Also, logarithmic utility function is DARA.

Simply take the expected utility (initial wealth is normalized to 1)
E(UO+5) =E(U(i+5 +E)2 B(U(+ 7))
and apply Theorem 3.2. All individuals with increasing utility functions prefer A to B.

a. Let X, and X be two probability distributions. The notion that X, FSD X, is the idea that
X, assigns greater probability weight to higher outcome values; equivalently, it assigns lower
outcome values a lower probability relative to X, . Notice that there is no concern for “relative
riskiness” in this comparison: the outcomes under X, could be made more 'spread out' in the
region of higher values than X, .

b. The notion that X, SSD X, is the sense that X, is related to X, via a “pure increase in risk”.
This is the sense of X, being defined from X, via a mean preserving spread. X is just X,
where the values have been spread out. Of course, any risk averse agent would prefer X, .

c. Only two moments of a distribution are relevant for comparison: the mean and the variance.
Agents like the former and dislike the latter. Thus, given two distributions with the same mean,
the one with the higher variance is less desirable; similarly, given two distributions with the
same variance, the one with the greater mean return is preferred.

d. (i) Compare first under mean variance criterion.

1 1 1
EX, =—(2)+—(4)+—(9)=4.75
A 4() 2() 4()
EiB:%(1+6+8):5

o= i(z -4.75)? +%(4 -4.75)% + %(9 —4.75)* = 6.6875



o; =

21_21_2
(1-5) +§® 5)+3@ 5)

[t ot 2 2
So, Ex, <EX;, 0, <0y

Thus X, dominates X, under mean variance.

(i1) Now let’s compare them under FSD.
Let F(X, ) be denoted

F(X}) be denoted
and let us graph F(X, ) andF(X})

A and B

34| ;
23 4 —————

12

13 4 R
/4 1 i B

+ + + + ¥ ¥ + -

1 2 3 4 5 6 7 8 9

It does not appear that either X, FSD X; or X, FSD X, ; either dominates the other in the FSD
sense.

Thus, mean-variance dominance does not imply FSD.

10



(iii)

X TfB (t)dt TFB (t)dt }fA (t)dt TFA (t)dt i[FB (t) - F, (t) it
0 0 0 0

0 0 0 0 0 0

1 1/3 13 0 0 1/3

2 1/3 2/3 1/4 1/4 5/12

3 1/3 1 1/4 1/2 1/2

4 1/3 1A 3/4 5/4 1/12

5 1/3 1% 3/4 2 -1/3

There is no SSD as the sign of | [FB (t)-F, (t)]dt is not monotone.
0

4.6  a. The certainty equivalent is defined by the equation :
U(CE,) =EU(Z), since Y, =0, and Z = (16,4; %)

1

2
Thus CE, =9

b. The insurance policy guarantees the expected payoft :

5 _ 1 1
EZ=—(16)+—(4)=8+2=10
5 16)+=(4)

1

E PP IR S IS [
(CE,)* ==(6) +2(4) 2(4)+2(2) 3

1, the premium, satisfies 1 = EZ - CEZ =1.

c. The insurance would pay —6 in the high state, +6 in the low state. The most the agent would be
willing to pay is 1.

1 1 1
U(CE,)=10% =1 (16)? +(1-1')(4)?, n'=.58
The probability premium is .08.

d. Now consider the gamble (36, 16, /2) = Z'

U(CE,) = (CE, )* = %(36)5 #2016y

1= lga Ly
(CE,)? =2 (6)+(4) =5

CE, =25
M, =1 (as before)

1 1 1
n'' solves : (26)2 =1'(36)2 +(1—T11')(16)>
510=n""6+(1-mn'")4 =21'""+4

11



2n''=1.1, W'Z%Z.SS

Thus the probability premium is .55 —.50 =.05
The probability premium has fallen became the agent is wealthier in the case and is operating on

a less risk averse portion of his utility curve. As a result, the premium, as measured in probability
terms, is less.

4.7 No. Reworking the data of Table 3.3 shows that it is not always the case that
I [E(0) = Ey(0)de > 0.
Specifically, for x =5 to 7, F,(x) > F,(x) . Graphically this corresponds to the fact that in Fig
3.6 area B of the graph is now bigger than area A.

4.8  a. State by state dominance : no.
b. FSD : yes. See graph

Probability
1 - Fe——————
|
~ |
Z|
|
2/3 -
y
1/3 =
7 and y
T
-10 0 10

These two notions are not equivalent.

12



Chapter 5

5.1.  For full investment in the risky asset the first order condition has to satisfy the following:
E[U'(Y, (1+7))(F -1,)] 20

Now expanding U' (Y0 (1 + ?)) around Y, (1 +1; ) , we get, after some manipulations and ignoring

higher terms :

B[U' (v, (1+ ) -1, )]
= U'[Y, 1+ JE(F =1 )+ UMy, (141 )JB(E -1 v, 20

Hence,

E(f-r)2R, [Y0 (1+r, )]E(? —1,)*Y, which is the smallest risk premium required for full
investment in the risky asset.

52, a R(n)=(-a)2+a=2-a
R(n,)=(1-a)2+2a=2
R(n,)=(1-a)2+3a=2+a

b.

EU=nU(2-a)+n,U(2)+n,U(2+a)

‘E—U =-mU'(2-a)+mU'(2+a)=0
a

2

a=0 o UQfm-m]=0- m=m < E()

>0

.
Define W(a)

E(U(Y, (1 +1.)+a(F -r,))
E(U(2 +a(z-2)))
E(U'(2+a(z-2)(z-2))=0

W'(a)

13



d.
« U(Y)=1-exp(-bY)
Wia) =701 -exp(~b(2 )]+ [t - exp(-b(2))]+ 71 - exp(-b(2 +a))
W'( )——T[bexp( (2 a))+T[bexp( (2+a))=0
ln(7T b)(~b(2 +a)) = In(mb)(~b(2 ~a))
_ In(ry)~1n(m)

2b

FUlY)= 2

wi=n a7 e era) ]
W'(a)=-m(2-a) +m(2+a) =0

Té/y T[I/v
T[l/y +T[1/y

-y

a=

Assuming n; >T,,b>0,0 <y <1 we have in either cases g—?{ >0.

L Y=+ Tha (Y -a)i+r)
‘ :Y0(1+rf)+a(?_rf)
b. max EU(YO(I +rf)+a(?—rf))
F.O.C.: E{U'(Y,(1+1,)+a"(F-r,)[F -1, )} =0

E{U"(YO (1+r,)+a" (7 -r, ))(? -1 )2}< 0

Since the second derivative is negative we are at a maximum with respecttoa at a =a ", the
optimum.

2 Take the total differential of the F.O.C. with respect to
0

c. We first want to formally obtain

Y, .

14



Since E{U'(Y,(1+r,)+a(f -1 )7 -, )} =0,
T ] o

_EHU(Yo (4 ) +a(@ - JE-r (i +r) _ da

BU(Y, (141 ) +a(f o ) - fp Y,

The denominator is <0; in conjunction with the negative preceeding the term we see that the sign

of da
dy

0

is entirely dependent on E{U"(Y,(1+1,)+a(¥ —r.))J¥ -1, }(1+,) the numerator.

Since (1 + rf) >0 it is in fact dependent on EU" (Y0 (1 +1, ) + a(? —I; ))(? —I; ) We want to show

. . . da
this latter expression is positive and hence

> (0, as our intuition would suggest.
0

d R, (Y) <0 is declining absolute risk aversion: as an investor becomes wealthier he should
be willing to place more of his wealth (though not necessarily proportionately more) in the risky

asset, if he displays R , (Y) <0.

e. We will divide the set of risky realizations into two sets: T 2r;and 7, >7 . We maintain the

assumption R A, (Y) <0.
Case 1: T =r;; Notice that
Y0(1+rf)+a(?_rf)>Y0(1+rf)'
Then, R, (Y, (1+ 1) +a(f -r.)) <R, (Y, (1+r)).
Case2: if T <r;
Yo L+ ) +a(f -1 ) <Y, (1+1;).
Thus R, (Y, (1+r,)+a(F - ) >R, (Y, (1+1,))

f. Now we will use these observations.

Hence
U'(Y, (1+r)+a(F - ) 2 R, (Y, (1+ 1)) U'(Y, (141, ) +a(F - 1))
Since T —1;, 2 0 for this case,

15



5.4.

O UYl+r)+ald -7 -r) 2 R, (Y (45 )JU (Y (14 5) +a(F - 1))(7 - )

Thus,

U'(Yy {1+ )+a(f - 1)) =R (Y, (141 )) U (Y, (1+ 1) +a(F - 1)

Since for this case T -1, <0,

() U (Y () +alf - ))(F -1 ) 2 =R (Yo (L1 JU'(Y, (14 1) +aF -5 ))(F - 1)
Since (i) and (ii) encompass “all the probability,” we can write:

E{U"(Yo (1 I ) + a(? I ))(? I )}
>-R, (Yo (1 T )) E{U'(Yo (1 + rf) + a(? I ))(? I )}

Since by the FOC for a,
E{U’(Yo (1 T ) + a(? R ))(? I )} =0

we know E{U"(Y,(1+1.)+a(f-r.))F -1, )} 20

da

0

=0.

and

Key assumption: declining absolute risk aversion.

Let R , and ﬁBrepresent the gross returns on the two assets ;
E(URR, +(1-2)R,))>E@UR, )+ (1 -2)U(R,))=2E(U(R, )+ (1 -2)E(U(R,))

=EUR, )=E(u(R,)
since the utility function is concave and gross asset returns are identically distributed. This result
means that the investor is going to invest in both securities — it is never optimal in this situation
to invest only in one of the two assets. He thus chooses to diversify. Moreover if the investor
cares only about the first two moments he will invest equal amounts in the assets to minimize

variance. To show this note that the expected return on the portfolio is constant independently of
the chosen allocation. A mean-variance investor will thus choose a to minimize the variance of

16



5.5

the portfolio. The latter is

a’ VarﬁA +(1-a)’ Varf{B = Varf{A(2a2 +1-2a)= VarﬁA(l +2(a’ —a)).

Minimizing the portfolio variance thus amounts to minimizing the quantity (a*-a) which requires
selecting a=1/2.

1 T a
1 1-1 b

risky asset :

YO

1

payouts =

Since the price of both assets is 1, the number of units purchased equals the value of the
purchase.
Let x, = units (value) of risk free asset demanded

X, = units (value) of risky asset demanded

Since Y, =1, x, +x, =landx, =1-x,

a. Necessary condition for x, >0 :
"r, >a" or,in this case a <1

Necessary condition for the demand for the risky asset to be positive :
ma+(1-mb>1.

b. We would expect % <0
a

The optimization problem is
max U(x, [1+(1-x,)a)+(1-nMU(x, [1+(1-x,)b)
stt. X, +x,<lor0<x, <1
The F.O.C. for an interior solution is
nu'(x, +(1-x,)a)(1-a)+(1-nmU'(x, + (1 —x,)b)(1 —b) =0. This equation implicitly
defines x, =x,(a) ; taking the total differential yields :

' (x, + (1 =x)a)(=D) + 1" (x, + (1 -x,)a)(1 - a)[(1 —a)% +(1- Xl)}
a

&
da

+(1=mU" (x, +(1-x)b)(1 =b)* =+ =0

dx, | TU'(x, +(1=x,)a) =1 —a)(1 = x)U" (x, + (1= x,)a)
da T (x, +(I-x,)a)1—a)’ +(1-U"(x, +(I - x,)b)(1 - b)’

as the numerator is positive and the denominator negative.

17



We would expect that an increase in the probability of the unfavorable risky asset state a, would
tend to decrease the demand for the risky asset. The “world” is becoming riskier.

Thus &1 5 0.
dn

18



Chapter 6

6.1

6.2

6.3

A high 3 does not say anything about the level of diversification. The B speaks about the co-
variations between the returns on an asset or a portfolio and the returns on the market portfolio.
But it does not say anything about the degree of diversification of a portfolio. A portfolio with a

high 3 may or may not be well diversified and it may or may not be far away from the efficient
frontier.

Let 0,= 0,=0,=0 be the total risk common to every asset. For an equally weighted portfolio:
2 SEPE 1. 1
o, = Ywio = 3(5)0 $0p = 430
i=1

The fraction of asset i’s risk that it contributes to a portfolio is given by p,; .
Without loss of generality consider asset 1.

3
cov(r;, Zwiri)
=1
0, Op
3
5w cont, 1)
i=1

o, 0,

Pip =

1
—cov(r,, r
3 (1 1)

= =— (since cov (r;, ;)= 0 if i %))
O-1 O-P

15

3

1 =\E = % = 0.57735
0'1/30' 3

31

Ly - L
;E(ﬁo) = \/50)

Thus, the fraction 0.57735 of the asset's risk is contributed to the portfolio and the fraction 1 -
0.57735 = 0.42265 is diversified away.

(check: o, :i(piPoi)Wi =
i=1

The CML describes the risk/return tradeoft for efficient portfolios, while the SML describes the
same tradeoff for arbitrary assets (that are in "M").

For arbitrary assets that have the same statistical characteristics as M (i.e. that are perfectly
positively correlated with M), the two should give identical expected return estimates - and they
do:

19



0.
SML: ET = 1 + %[E?M ~ 1,] , for any asset ].
M

If 7 is perfectly positively correlated with M,

0,0.| Er,, -1
E?J =+ MY M f
O-M c)-M

Er, —r
M—f} , which is the equation of the capital market
M

=1r + 0j|: o

line for an efficient portfolio "j".

6.4
a. No! Itis incorrect. The CAPM tells you to equate the expected return on the loan equal to ry.
Since there is some probability of default, you must set the rate higher than r¢ in order to insure
an expected return equal to ry.

b. Let r;, = rate on the loans. You want

1.1 =0.95(1+11) + 0.05(1)
r = 0.105263 or 10.5263%

c. Again, let r_ = 4. rate on the loans:

1.1 =0.95(1+ry) + 0.05(0.8) (if there is a default, only 80% of
the value of the loan is recoverable).

1.1 =0.95(1+r) + 0.04

1.06 =0.95+0.95 1.
. =0.11/0.95=0.1157 or 11.57%

6.5  This problem ‘starkly’ illustrates the gains to diversification. There are two ways to solve it.
a. Method 1 : use the hint
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20 1
P/];

10 25
Since p,; =1
0, =10% =w,0, —~(1-wy)0,
=w;5(25%) - (1-wy)(10%)
10% = w4 (25%) —10% +10%w
20 _4  _3

= =—wW, ==,
35% 7 7
Er,. :%(10%) +§(20%) =15.71%, a 5.71% gain.

Wg

b. Method 2 : first solve for the minimum risk portfolio.
0, =0=w,0, ~(1-w,)0y
0=w,(10%)—(1-w,)(25%)
5 2

W, =—;W, =—..
S A

Er :g(lO%) +%(20%) =12.85%

min risk portfolio
(ap=0)

% — 0

Slope of line joining B + min risk portfolio is 20/0le85%)
(V]

20% - 12.85%

Thus, Er,. =12.85% +
25%

j(w%) =15.71%, a 5.71% gain.

6.6  a. The basis for answering this question is the following :
Let C, D be two assets with 0. <0 ,. Let us consider adding some of ‘D’ to ‘C’. Under what

circumstances will the risk go down ? Let w. =1—-w,,.
O'?, =(1- WD)O% + WZDO_IZD +2w,(1=wp)cov(T, 1)
Then

21



do;
ow

D

[y z0= 2cov(E.5) -7

If cov(%.,T,) —0¢ <0, if we add ‘D’ to “C’ the portfolio’s risk will decline below that of 0.
Equivalently

cov(, %) < O
2 Oc
PcpOcO0p <O, O Py < 0_

D
or, for the case at hand,

o

your port.

o

pyour port, Australian index

Aust. index

b. and c.
So we have to compute these data from the sample statistics that we are given.

Er,,, = l{.54 +.24—.06+.24—.06+.54} = 24
6
Er,,, = %{.50 +.10-.10+.60-.20 + ,8()} =.2833

— 1 2 2 2 2
Oyour = g{(-54 —.24)" + (.24 -.24)" + (=06 —.24)> + (.24 - .24)
(=06 - 24)" + (.54 - 24’}
= %{.09 +.09 +.09 +.09} =.072

A2

62 = %{(.50 —2833)> +(~.10 —.2833)% + (.10 —.2833)> + (.60 —.2833)’
(.20 -.2833)” + (.80 - .2833)*}
= %{.04696 +.14692 +.03360 +.10030 +.23358 +.2670}

= %{.82836}

=.165672
COV(T s Taus ) = %{(.54 — 24)(.50 —.2833) + (.24 — .24)(~.10 - .2833) + (—.06 — .24)

(.10-.2833) + (.24 - .24)(.60 - .2833) + (-.06 - .24)(.20 - .2833)
+(.54 - 24)(.80 - .2833)}

= %{.06501 +.05499 +.14499 +.15501}

=.084
now check the above inequality :

— COV(ryour’ rAusA) _ 084

= = =.77
pyour,Aus. O-youro-Aus' /072 /166
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(o)
Clearly p=.77 > 2= = 2683 _ 6592

as. 4070

So the answer are :
b. no
c. no. These are, in fact, two ways of asking the same questions.

d. Whenever you are asked a question like this, it is in reference to a regression ; in this case

rAus = GAus + BAusryour + sAus

= O-ZAus, = (BAus)2 02 + 02

Tyour €Aus

The fraction of Australian’s variation explained by variations in your portfolio’s return is

2
pAus,yourcAusoyour 0_2
o) 2 2 2 your
_ (BAus) 0-your - oyour

2 - 2
GAus c)-Aus

= (pAus,your )2
=(.77)* =.59

R2

e. No ! How could it be ? Adding Australian stocks doesn’t reduce risk. Even if it did, you don’t
know that your portfolio is identical to the true M.
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Chapter 7

7.1.

7.2.

7.3

7.4.

Write the SML equation to make the market risk premium appear, then multiply by O ,
O-M

E(rj) =r, + (E(TM)— rf)Bj =1+ (E(YM)_ rf)%

M

Rewrite the last term
GOy _ 0,0uP Ty
2

o, o2, =P
Then we get
E —_
E(rj):rf +—( (r) rf)(ojij)
O-M

and the conclusion follows since 0 < ‘p jM‘ <1.

Intuitively, the CML in the ‘more risk averse economy’ should be steeper, in view of its
risk/return trade-off interpretation. This is true in particular because one would expect the risk
free rate to be lower, as the demand for the risk free asset should be higher, and the return on the
optimal risky portfolio to be higher, as the more risk averse investors require a higher
compensation for the risk they bear. Note, however, that the Markovitz model is not framed to
answer such a question explicitly. It builds on ‘given’ expected returns that are assumed to be
‘equilibrium’. If we imagine, as in this question, a change in the primitives of the economy, we
have to turn to our intuition to guess how these given returns would differ in the alternative set
of circumstances. The model does not help us with this reasoning. For such (fundamental)
questions, a general equilibrium setting will prove superior.

The frontier of the economy where asset returns are more correlated and where diversification
opportunities are thus lower is contained inside the efficient frontier of the economy where
assets are less correlated. If the risk free rate was constant, this would guarantee that the slope of
the CML would be lower in the economy, and the reward for risk taking lower as well. This
appears counter-intuitive — with less diversification opportunities those who take risks should get
a higher reward —, an observation which suggests that the risk free rate should be lower in the
higher correlation economy. Refer to our remarks in the solution to 6.2 : the CAPM model, by
its nature, does not explicitly help us answer such a question.

If investors hold homogeneous expectations concerning asset returns, mean returns on risky
assets -per dollar invested- will be the same. Otherwise they would face different efficient
frontiers and most likely would invest different proportions in risky assets. Moreover, the
marginal rate of substitution between risk and return would depend on the level of wealth.
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Using standard notations and applying the formulas, we get
A=3.77,B=585C=2.65D=131

1.529 -0.618
g=|-0.059| h=| 0.235
-0.471 0.382

E(ryyp ) =1.42

0.652
Wyp = 0.275
0.072

Elr,ep, ) =1.3028

0.725
Wep, =[0.248
0.028

a. The agent’s problem is (agent i):

max E{Ui|:(Y(; _ZXE)(I +1;) +ZX;(1 +?J)}}
(X]5X5 4eersX]) j j

The F.O.C. wrt asset j is :
E{U,(¥)(-(+1) + 1+ T)} =0, or
B{U;(¥)(F -1} =0 (1)
b. We apply the relationship
Exy = cov(x,y) + ExEy to equation (1).
0=E{U, (V) - 1)} = E{U, (T)JEGE — 1) + cov(U,(F,), T - 1,)
= B{U,(¥)JE(E — 1)+ cov(U;(¥,).F)
Thus, E{U/(Y)JEG - 1) = —covU;(¥)),T) (@)

c. We make use of the relationship

cov(g(X),¥) = E(g' (X)) cov(X, §) , where we identify g(Y,) = U (Y,).
Apply this result to the R.H.S. of equation (2) yields :

U (TG —r) = EUI @ )eovV5). )

i

d. We can rewrite equation (3) as :
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- _—HUG)}
E(f -r) = m{ (Yla}J)
-ElU;(Y))

Let us denote R,
©E{U(Y)

as it is reminiscent (but not equal to) the Absolute Risk

Aversion measure.
The above equation can be rewritten as

E(T -1,) = + cov(Yl, T),or

1{A

i

1 ~ S o~
{R_jE(rj —1;) = cov(Y;, I}) )

Aj

Summing over all agents i gives

L1 ~ ! S ~
Z(R_]E(rj —r)= ECOV(Y“ L), or

i=l{ R,

i

E(T -1, )(:1[%]} = cov(éi ,?Jj

I ~
Let us identify > Y, =Y,,,(1+T1,). Then we have :
i=1

E@‘”)@(Rl D = corlYio(1+5,).)

=Yy cOV(Ty, T)

M=

Thus,
Yuo cov (?M , F) 4)

e. Let w; be the proportion of economy wide wealth invested in asset j.
Then, for all j

wE(T -1,

E(T -

WjCOV(rMs rj)

Thus,
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It follows that

E(lewj?j —rfj = ACOV(FM,ZJ:WJTJJ
SR

1
)3 [
=t R,
By construction,
J
ST =T
j=1
Then
~ Y ~ ~
Et, -1, = MO cov(E,, %, )
i1
~ Y ~
ET, -1, = MO var(E, ). Q)
I
f. (4) states that
~ Y, o~
E(T —1,) = ¢cov(rM, rj)
I
Yo - E(ty —1;)

From (5) ; substituting this latter expression into (4) gives :

el

~ COV(FM , 'rj) - i
E(Tf —r;) =————"E(%, —1;), the traditional CAPM.

var(t,)
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Chapter 8

8.1.

8.2

8.3.

8.4.

a.
_ 1

q, =091

q, =0.8224

q, =0.7424

These are in fact the corresponding risk-free discount bond prices.

b. The matrix is the same at each date. The n-period A-D matrix is then [A - D]n . If we are in

state i today, we look at line i, written [A - D]:l , and we sum the corresponding A-D prices to

obtain a sure payoff of one unit in each future state. Since it is assumed we are in state 1
[A-D], =0.28+0.33+0.30=0.91=q,

[A-DJ =0.8224=q,
[A-DJ =0.7424 = q,

The price of an A-D security is the (subjective) probability weighted MRS in the corresponding
state. It is determined by three considerations: the discount factor which is imbedded in the MU
of future consumption, the state probability and the relative scarcities reflected in the
intertemporal marginal rate of substitution, that is, in the ratio of the future MU to the present
MU. The latter is affected by the expected consumption/ endowment in the future state and by
the shape of the agents’

utility functions (their rates of risk aversion).

We determine a term structure for each initial state.

To-day’s state is 1:

l+r =L =1.0417
0.53+0.43

(1+52) =1.0800 1417 =1.0392
(1+5) =1.1193 1417 =1.0383
To-day’s state is 2 :

1+1 =1.0310
(1+x2) =1.0679 1+17 =1.0334
(1+2) =1.1067 141 =1.0344

We determine the price of A-D securities for each date, starting with bond 1 for date 1, q1 =
96/100 = 0.96. Then we use the method of pricing intermediate cash flows with A-D prices to
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8.5.

8.6

price bonds of longer maturity, for example the price of bond 2 is such that

900 =100xq, +1100%q, s%+%
I +r2

_900-100xq,

which gives q, = — 1 =0.7309 . Similarl
g q, 1100 y

q, =0.5331

q, =0.3194

qs =0.01608

a. Given preferences and endowments, it is clear that the allocation {(4, 2, 2) ,(4, 2, 2)} is PO
and feasible. In general, there is an infinity of PO allocations.

b. Yes, but only if one of the following securities is traded

-1 1
sl=1 or s, =

For example, Agent 1 would sell s1, and Agent 2 would buy it. In general one security is not
sufficient to complete the markets when there are two future states.

c. Agents will be happy to store the commodity for two reasons : consumption smoothing — they
are pleased to transfer consumption from period 1 to period 2-, and in addition by shifting to to-
morrow some of the current consumption they are able to reduce somewhat (but not fully) the
endowment risk they face. For these two reasons, storing will enable them to increase their
utility level.

d. Remember aggregate uncertainty means that the total quantity available at date 2 is not the
same for all the states. If one agent is risk-neutral, he will however be willing to bear all the
risks. Provided enough trading instruments exist, the consumption of the risk-averse agent can
thus be completely smoothed out and this constitutes a Pareto Optimum.

a.
1. Because of the variance term diminishing utility, consumption should be equated across states
for each agent.

2. There are many Pareto optima. For example, the allocations below are both Pareto optimal :

t=0 t=1
0=1 0=2

Allocation 1
Agent 1 4 3 3
Agent 2 4 3 3

Allocation 2
Agent 1 5 4 4
Agent 2 3 2 2

29



The set of Pareto optima satisfies:
{choclichrnelielied):el =l and thusel = e2),¢f + ¢} = 65c) +cf =8}
3. Yes. Given E(c) in the second period, var ¢ is minimized.

1. The Pareto optima satisfy

max{cg +ilnci +%1nc‘2 +)\[8 -cy +%ln(6—ci) +%ln(6—c;)}

The F.O.C.’s are:
i) cl:1-A=0
1

. 1.
1) C :

1( 1 ~
R R

1
4
iii) c;:%(ijm(é)( ! j(—1)=0

Al
6-c,

From (ii) i=)\(6_lcl]:>c}=%.
1

6-c) 1+A

A Pareto optimum clearly requires ¢, =c5, and thus ¢; =c
IfA>1, ¢, =0,c; =8
IfA=1, c¢y+c;=8
IfA<1, ¢;=8c;=0

The Pareto optimal allocation here and for the first part of the problem are the same. Both agents
are risk averse and we would expect them to try to standardize period 1 consumption.

From (iii) —:)\( ! j:c;:i
C

2,
29

2. Agents’ problems can be written

Agent 1: max(4-PQ, - P2Q12) + %ln(l + Q}) + %ln(S +Q))
Q.Q:

Agent 2: max(4-PQ; -P,Q;) + %ln(S +Q))+ %ln(l +QJ)
Q.
Market clearing conditions:
Q +Qi =0
Q+Q; =0

(both securities are in zero net supply).
The F.O.C.’s are:

1 1
Agent 1: Q; : P, :Z(l+Ql)
1

p 23 1
Qz'P2_4(5+Q12J
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Agent2: Q; : P, :%(5 +1Q2j
1

s p 23 1
a3 1)

These F.O.C.’s, together with market clearing imply, as expected:

1 1 | )
= = Q| =2:Q =-2.
EIRER
1 1 | 2
= = =-2; =+2.
5+Q, 1+Q @ @

s 1= L)1) L
4\1+Q' ) 4\3) 12

T _3@_1
* 4(5+Q)) 4\3) 12

Allocations at Equilibrium:

t=0 t=1
0=1 0=2
Agent 1: 4-Ly-3 (=4l 3 3
gent & 127 12 3
1 3 2
Agent 2: 4-—(=2)->(2)=3= 3 3
gen 12( ) 12( ) 3

This is a Pareto Optima, consumption is stabilized in t=1. However, since agent 1 had more

consumption in the more likely state, he is paid in terms of t=0 consumption for agreeing to the

exchanges. Agent 2 transfers t=0 wealth to him.

3. Now only (1,0) is traded. The C.E. will not be Pareto optimal as the market is incomplete.
The C.E. is as follows:

Agent 1: max(4-PQ,) +%ln(1 +Q)) +%ln(5)
Qi

Agent 2: max(4-P,Q;) + %ln(S +Q7) +%ln(1)
Qf

The F.O.C.’s are :

Agentl:Pl=l( ! J

4(1+0
Agent 2: P, -1 %
4\5+Q;,
Thus
1 T ! 2 :Q}:+2;Qf:—2. Pl:l(lJ:i_
1+Q, 5+Q A3 12
Allocation
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Agent 1: 4 -

Agent 2: 4+

Consumption is stabilized in state 6, : effectively agent 1 buys consumption insurance from
agent 2.

The Pareto optima satisfy:
max.25¢, + SB Inc; +%lnc12} +)\[6 -c, +%ln(6 -c) +%ln(6 —clz)}

Co Cl cz

The F.O.C.’s are

cp:25-A=0

¢l 5% )(ilj ( ]( =0

)5~ )iljw )( j( =0

—( ] j:>6—c}=20})\,c}=—6 )
1+ 2\

l—:)\ = 6—c) =2c)A, cz—L
2\ ¢} 6-c) 1+2A

Thus ¢, =c}, and therefore ¢} =c3;
If there is no aggregate risk and the agents preferences are the same state by state, then a Pareto
optimum will require perfect risk sharing. This example has these features.
The Pareto optimum is clearly not unique. The set of Pareto optima can be described by:
Forall A= 0

=0 =1
8=1 8=2
6 if A <.25 6 6
Agent 1: {0 it A > .25 T+2) 142\
0 if A <.25 I 1
Agent 2: {6 ifA> 25 6(1_1+2)\j 6(1_ 1 +2)\)

A =.25, indeterminate

In the second case (state 2 endowment = 5 for agent 1, 3 for agent 2), there will be a Pareto
optimum but it will be impossible to achieve perfect risk sharing as there is aggregate risk.

b. The agents’ problems are:
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Agent 1: max.25(2-P,Q' —PRRI)+.5{lln(2+Ql)+lln(4+R1)}
Ql 1

Agent 2: max(4 P 0Q” ~ PR’ )+—ln(4+Q )+—1n(2+R )

QQ

Where, in equilibrium, 5
R —

(market clearing). Both securities are in zero net supply.

The F.O.C.'s are
Agent 1:

1 1 1
Qs 25F _5( MHQJ = g

L 25P,=5|— - PRzL
2 4+Rl 4+R'

Agent 2:
_1
204+ Q2

R*: P,=

2+R2)

l\)l»—

This implies:

11 1]21 1
2+Q' 2(4+Q*) 2(4-Q'

Q'=2Q =-

11 1 1 1
4+R'" 2(2+R?*) 2\2-R!
2(2-RY=4+ R, R'=0, R*=0

As a result, Pp=—eg=——=—.

1 1
P,=| — |=—
R (4+le 4

The implied allocations are thus:

t=0 t=1
01 82
Agent 1: 2-1/2=1.5 4 4
Agent 2: 4+1/2=4.5 2 2

c. Let us assume the firm can introduce 1 unit of either security. Either way, the problems of the
agents and their F.O.C.’s are not affected. What is affected are the market clearing conditions:
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If 1 unit of Q is introduced

If 1 unit of R is introduced
Q1+Q2:1 Q1+Q2:0
R'+R*=0 R'+R*=1
Let’s value the securities in either case.
If one unit of Q is introduced:
The F.O.C.’s become
_ 1
Q 1
Agent 1: 2 +1Q
1 1 1 1 1
PQ - 7575 e 2
4+Q° )2 2(4+1-Q 25-Q7)
Agent 2:

P—l 1 _1( 1
R 2(2+R?*) 2\2-R'

The equation involving R are unchanged. Thus P, =1/4, R'=0, R*=0

For the security Q we need to solve:
1

2+Q) 26-Q) e T

You know the price had to go down: there is more supply of the security.
The implied allocations are thus:

t=0 t=1
0=1 6=2
1
Agent 1: 2—521.5 4 4
1
Agent 2: 4 +E =45 2 2

If one unit of R is introduced:

1
Q 1
Agent 1 2 +1Q

The first order conditions become, with market clearing conditions imposed

R

4+R'
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8.8

1 1 1
o753+ ) T 2a-q)
Agent 2

b L1 Y_1( 1
fo2(2+R?) 2(3-R
So, P, is unchanged, and P,=1/4 Q' =2,Q* =-2.
Solving for Py :

11= 1 I,Rlzg;R2=1_R1=l
4+R° 2(3-R) 3 3
P. = 112 1 =i=i<.25
B 4+4R 4+ 4 14
t=0 t=1
6=1 6=2
1 23 9
Agent 1: 2-————=2-— 4 4+2/3
2 314 14
1 1
Agent 2: 4+———i=4+i 2 2+1/3
2 314 14

The firm is indifferent as to which security it sells — either way it receives the same thing.
Either way a Pareto optimum is achieved since, with no short sales constraints, the market is
complete. Thus a C.E. is Pareto Optimal.

Agent 1 wishes to transfer income to period t=1. The introduction of more securities of either
type will reduce the cost to him of doing that. Agent 2, however, will receive lower prices —
either way — for the securities he issues. He will be hurt.

a. At a P.O. allocation there is no waste and there are no possibilities to redistribute goods and
make everyone better off. From the viewpoint of social welfare there seems to be no argument
not to search for the realization of a Pareto Optimum. Beyond considerations of efficiency,
however, considerations of social justice might suggest some non-optimal allocations are in fact
socially preferable to some Pareto optimal ones. These issues are at the heart of many political
discussions in a world where redistribution across agents is not costless. From a purely financial
perspective, we associate the failure to reach a Pareto optimal allocation with the failure to
smooth various agents’ consumptions across time or states as much as would in fact be feasible.
Again there is a loss in welfare and this is socially relevant: we should care.

b. The answer to a indicates we should care since complete markets are required to guarantee
that a Pareto optimal allocation is reached. Are markets complete? certainly not! Are we far
from complete markets? Would the world be much better with significantly more complete
markets? This is a subject of passionate debates that cannot be resolved here. You may want to
re-read the concluding comments of Chapter 1 at this stage.
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Chapter 9

9.1.

9.2.

9.3.

9.4.

a. The CCAPM is an intertemporal model whereas the CAPM is a one-period model. The
CCAPM makes a full investors homegeneity assumption but does not require specific utility
functions.

b. The key contribution of the CCAPM resides in that the portfolio problem is indeed inherently
intertemporal. The link with the real side of the economy is also more apparent in the CCAPM
which does provide a better platform to think about many important questions in asset
management.

c. The two models are equivalent in a one-period exchange economy since then aggregate
consumption and wealth is the same. More generally, the prescriptions of the two models would
be very similar in situations where consumption would be expected to be closely correlated with
variations in the value of the market portfolio.

a. max(0,St+1(6)-p*)

T 1/ t+1+T - 6
t+1() 26 S __Ct+1(e)

/e, (0) " T 1-8

C

- 4.(0)=p(8p 5,

d. The price of the option is,

C,=3q,.(0)s(6)-p)

0TA

where A is a set of states 0' for which (Si1(8')-p*) = 0.

a. (St+1(0)-p*)

Mo B
t+1( ) ;5 l/CH_l (e) t+1+T 1 _ 5 Ct+1 (e)

c
¢ qt+1( ) P( ) Con (9)
d. The price of the forward contract is,

F,(6)= qu( )S...(8)-p") .

o .. 0 ¢
a. After maximization, the pricing kernel from date 0 to date t takes the form —-— =m_ . Now

t

T
the value of the wealth portfolio is Py = E; > m e, . At equilibrium we have e, =c,.
t=0
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9.5.

T T
Proportionality follows immediately from EY m.e, = E> m,c, . With log utility we even have
t=0 t=0

b. Let us first define the return on the wealth portfolio as T =

SRSV S
rearranging gives T, = 1-% 1 1-0
¢,
1-90
-~ 1_
get , =—c,.
0
c.
P, =100E,[m, + m,]
= 1003E,| < + 5&}
L € 3
= 1006E0_(C2 —ee, (1 5)0160}
L CICZ
=1003E,| {% +(1+ 5)}0_0}
L c2
Pi = qudis
1=3%q, %
= Z:qs]Kis
= stTgRis
=E(mR,)
= E(m)E(R] ) + Cov(m’ Ri)
~ER), covmr)
I+,
R; = E(Rl) + COV(m,Ri)Rf
and

R, =E(R,,)+ Cov(m,R,, R,
E(R,)-R, _ Cov(m,R,)

ER,)-R, Cov(mR,)
)R, = 2 o(e, )- v

37

P +e, -

0

. Defining consumption growth as ¢

t+1

=C

t+

C

t

il . Inserting prices and

w¢e



Note that if Cov(m,Rm) = Var(Rm) we have exactly the CAPM equation. This relation holds for
example with quadratic utility.
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Chapter 10

10.1.

10.2.

a. Markets are complete. Find the state prices from

5q, +10q, +15q; =8

| q, =0.55151
q +q2 +q3 = ﬁ - q, = 0.02424
‘ q; =1/3

3q; =1

b. The put option has a price of 3qi. Risk neutral probabilities are derived from

n, =0.60667
n, =1.1q; wheres =1,2,3 1, =0.02667
T, = 0.36667

c. Consumption at date 0 is 1. The pricing kernel is given by

m, =1.83838
m, =2 wheres =1,2,3 m, = 0.06060
P m, =0.11111
m, =9 where s=1,2,3 Program for agent 1
Ps
n}aZX{(IO+q1 +5q, —¢,q, —ch2)+(§lnc} +§lncfj}
The FOC 1s
11
T3 c,
21
—_ + = 0
173 c
and similarly for agent 2. This yields
1 _1 1 _1

L1 2 _ 2
= € =C,,C =G,

Using the market clearing conditions we get
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2
11
c; =c’ :?

so that q, = 2/15 and q, = 4/33.

Now construct the risk neutral probabilities as follows:

= q
q, tq,
- 9
'r[z_
q, ¥q,

which satisfy the required conditions to be probabilities.
Computation of the risk-free rate is as usual: q, + ¢, = 1/(1+1)).
The market value of endowments can be computed as follows

_ 1 2\— 2
MV, = (T[lei +The; )=qlei +q,¢; .

f
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10.3.

10.4.

Options and market completeness.
The put option has payoffs [ 1,1,1,0]. The payoff matrix is then
0 1 0 1

0 1 1 1
m-=

0 0 1 1

1 1 1 0

Of course, the fourth row gives the payoffs of the put option. We have to solve the system
1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1
The matrix on the RHS is the A-D securities payoff matrix. The solution is

mw —

1 -2 1 1

0 1 -1 0
W =

-1 1 0 0

1 -1 1 0

We could also have checked the determinant condition on matrix m, which states that for a
square matrix (number of states = number of assets), if the determinant is not null, then the
system has a unique solution. Here Det(m) = -1.

a. An A-D security is an asset that pays out 1 unit of consumption in a particular state of the
world. The concept is very useful since if are able to extract A-D prices from traded assets
they enable us to price every complex security. This statement is valid even if no A-D
security is traded. To price a complex security from A-D prices, make up the portfolio of A-
D securities providing the same state-by-state payoff as the security to be priced and check
what is the cost of this portfolio.

b. Markets are not complete : Determinant of the payoff matrix = 0.
c. No: # of assets <# of states.
Completeness can be reached by adding a put on asset one with strike 12 (Det = 126).

A-D security from calls:
long call on B (strike 5), two short calls on B (strike 6), long call on B (strike 7)
0 0 0 0

-2 +

1 0 0 1
2 1 0 0
3 2 1 0

An A-D security with puts:
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long put on B (strike 8), two short puts on B (strike 7), long put on B (strike 6)

-2 +

S = N W

2 1 0
1 0 0
0 0 1
0 0 0
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Chapter 12

12.1.

a.

EU =1+.96(.5xIn1.2+.5%In.833)+(96)’ (25%In1.44 +.5xIn1+.25%1n.6944) = 0
b.

The maximization problem of the representative agent is

max [In(co)+ O (77, In(ci1)+ 77, In(c12))+ 8 (77, In(car)+ 77, In(en)+ 77, In(c23))]

S.t. €+ 11811 T 412615 F G518 T 400 T 403 =Co ¥ G110 F G156 T G01Co1 T GnCo G305
(take the consumption at date 0 as a numeraire, its prise is at 1;

q;j is time 0 price of AD security that pays 1 unit of consumption at date i in state )
The Lagrangian is given by

L=EU+X\ (eo 1€ 4561, 195,65 T45€5 1560 ]
—Cop Tq;,Cy; T q15Cp 7q5Cy Tq0Cy Tq23C0;
FOC's are:
a_L = L —)\ = O
oc, ¢,
oL 1
—— =T,;0—-Aq,, =0
i Ci
oL 1
Y :T[2362__)\q23 =0
dc,, Cx

A-D prices, risk neutral probabilities, and the pricing kernel can be derived easily from the
FOC’s. For example, at date t = 0 we have

1 C MU
qu :7-[116_:”116_0:”11 -

11 11 0

=T4,my,

1 c MU
=T,0 —— =T, > =T =
qa; =Thy e 23 ¢ 23 MU,

where mj; is the pricing kernel. Risk neutral probabilities at date one are given by:
N = 9 .nd N = d:2

= Th;My,

q;, T4, q,, T4,
T[ZRIN - q2 ’.’.[2RZN - dx and T[ZR;\] — qy3
dy Ty T4y dy Ty T4, dy T T4y

state prices
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0.16

0.4
1 0.4608
0.576
0.331776
risk neutral probabilities
0.1679656
0.409836066
1 0.48374093
0.590163934
0.34829347
pricing kernel
0.64
0.8
1 0.9216
1.152
1.327104
c.
valuation
0.2304
0.48
1 0.4608
0.48
0.2304
value 2.8816
d.
The one period interest rate at date zero is:
1
Ly, =7 —1=2.459%.
(q11 + qu)

The two period interest rate at date zero is:
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I, =\/ ! -1=2.459% .
(q21 tq,t q23)
Even though the economy is stochastic with log utility there is no term premia.

The price of a one period bond is q, (l) = =.976 and the price of a two period

1.02459

. 1
bond is qb(Z) = m =.953

e. The valuation of the endowment stream is

2.8816 2.352 1.44
price 1.8816 1.152
space 1.63333333 1
0.8
0.694444444

At date one and two we have one value with payoffs (upper cell) and the value after the cash

flow arrived (lower cell).

The value of the option, using either state prices, pricing kernel, or risk neutral valuation, is
option value

0.152
0.0608
0

f.
The price process is as in e. Now we need to solve for u, d, R, and risk neutral probabilities.

2352 144
u=—=——=125

1.8816 1.152
q= 1.6333 _ 2631

1.8816
R =1+r=1.02459

R - 1.02459 -.8681
a4, = d: 02459 —.868 — 4098
u-—d 1.25-.8681
(Compare this value with qi1 in b))
The value of the option is
option value
0.152
0.0608
0
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g.
In part b we saw that pricing via A-D prices, risk-neutral probabilities, and pricing kernel are

essentially the same. These methods rely on the payoffs of the endowment stream. In contrast to
b, risk neutral probabilities are elicited in part f from the price process. Of course, the risk-
neutral probabilities are the same as in b. This is not surprising since prices are derived from
utility maximization of the relevant cash flows. Thus risk-neutral probabilities of the cash flow
stream coincide with the risk neutral probabilities of the price of the asset.
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Chapter 13

13.1 a.
Er A

17 4
09 L
07 T
} } } >
5 ] 1.5 b,

b. Using A, B ; we want

b, =0=w,b, +(I1-w,)by
0=w,(5)+(1-w,))

Sw,=Lw, =2,w, =-1

Using B, C :

b, =0=w,b, +w b,
0=wy()+w.(L5)
0=wy +1.5-1.5w,

Swy =15w, =3, w. =-2

c. We need to find the proportions of A and C that give the same b as asset B.
Thus, b, =1=w,b, +(1-w, )b,
I=w,(5+1-w,)(1.5)
IS S
2 2

With these proportions :

Er, = lErA +%ErC

=%(.O7) +%(.17) =.12>.09 = Er,

r, =.12+1F +e,

WA =

wl—ul=

We=

R, =.09+1F +eg, cov(ep,ez) =0.

WB
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Now we assume these assets are each well diversified portfolios so that e, =e; =0.

. . . . . : 1
An arbitrage portfolio consist of shorting B and buying the portfolio composed of w, = w_. = 5
in equal amounts, you will earn 3% riskless.

d. As a result the prices of A, C will rise and their expected returns fall. The opposite will

happen to B.
e.
Eri A

Er. = .14 =+

Er, =10 =+

Er, =.06 ==
i i i -
5 1 1.5 b,
bA bB bC

There is no longer an arbitrage opportunity : expected returns are consistent with relative
systematic risk.

13.2.  a. Since cov(ty,€;) =0,
2 — ~
0 =var(Q;) + var(B,,1,) + var(€;)
— 2 2 2
_O+BjM0M +0£j

— 2 2 2
- BjMOM + osj

b. 0; =cov(a, +Biv T +§i7aj +BjM?M +§j)
=cov(By 1y +€.BuTy +€) (constants do not affect covariances)
=cov(Biy 1y +€.BTy) Heov(Biy T, +E,E) (since T, are independent)
= cov(Biy Ty, BTy ) +cov(€, By Ty ) +cov(Biy Ty, €) + cov(€,€;) (since T, € are

independent)
=cov(By 1y,B; 1) ; since by contruction of the regression relationship all other

covariances are zero.

= BiMBjM cov(Ty, y) = BiBjo-i/I
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13.3.

13.4.

13.5

The CAPM model is an equilibrium model built on structural hypotheses about investors’
preferences and expectations and on the condition that asset markets are at equilibrium. The
APT observes market prices on a large asset base and derives, under the hypothesis of no
arbitrage, the implied relationship between expected returns on individual assets and the
expected returns on a small list of fundamental factors.

Both models lead to a linear relationship explaining expected returns on individual assets and
portfolios. In the case of the CAPM, the SML depends on a single factor, the expected excess
return on the market portfolio. The APT opens up the possibility that more than one factor are
priced in the market and are thus necessary to explain returns. The return on the market portfolio
could be one of them, however. Both models would be compatible if the market portfolio were
simply another way to synthesize the several factors identified by the APT: under the conditions
spelled out in section 12.4, the two models are essentially alternative ways to reach the same
‘truth’. Empirical results tend to suggest, however, that this is not likely to be the case.

Going from expected returns to current price is straightforward but requires formulating,
alongside expectations on future returns, expectations on the future price level and on dividend
payments.

The main distinction is that the A-D theory is a full structural general equilibrium theory while
the APT is a no-arbitrage approach to pricing. The former prices all assets from assumed
primitives. The latter must start from the observations of quoted prices whose levels are not
explained.

The two theories are closer to one another, however, if one realizes that one can as well play the
‘no arbitrage’ game with A-D pricing. This is what we did in Chapter VIII. There the similarities
are great: start from given unexplained market prices for ‘complex’ securities and extract from
them the prices of the fundamental securities. Use the latter for pricing other assets or arbitrary
cash flows.

The essential differences are the following: A-D pricing focuses on the concept of states of
nature and the pricing of future payoffs conditional on the occurrence of specific future states.
The APT replaces the notion of state of nature with the ‘transversal’ concept of factor. While in
the former the key information is the price of one unit of consumption good in a specific future
date-state, in the latter the key ingredient extracted from observed prices is the expected excess
return obtained for bearing one unit of a specified risk factor.

True. The APT is agnostic about beliefs. It simply requires that the observed prices and returns,

presumably the product of a large number of agents trading on the basis of heterogeneous
beliefs, are consistent in the sense that no arbitrage opportunities are left unexploited.
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Chapter 15

15.1.

a. These utility functions are well known. Agent 1 is risk-neutral, agent 2 is risk-averse.
b. A PO allocation is one such that agent 2 gets smooth consumption.
c. Given that agent 2 is risk-averse, he buys A-D1 and sells AD2, and gets a smooth
consumption; Agent 1 is risk-neutral and is willing to buy or sell any quantity of A-D securities.
We can say agent 2 determines the quantities, and agent 1 determines the prices of the AD
securities.
Solving the program for agent 1 gives the following FOC:
q, =0n
q, = 5(1 - ﬂ)
The price of AD securities depends only on the probability of each state.
Agent 2's optimal consumption levels are ¢* =c?(0,)=c?(8,) = (28(1 - 1) +1)/(1 + 5) which is 1
if m=0.5.
d. Note: it is not possible to transfer units of consumption across states. Price of the bond is .
Allocation will not be PO.
Available security
t=0 t=1
—_ b e1 e2
P 1 1

Let the desired holdings of this security by agents 1 and 2 be denoted by Q, and Q,

respectively.
Agent maximization problems :

Agentl:  max(1-Qp")+3m1+Q)+(1-m(1+Q,)}

Agent 2 : r%ax In(1-Q,p°) + 5{T[1n Q,+(1-min2 + Qz)}
The F.O.C.s are :

l.Agent1: —-p®"+38=0 or p®=39.
1-Q,p Q, 2+Q,

2. We know also that Q, + Q, =1 in competitive equilibrium in addition to these equations
being satisfied. Substituting p® = & into the 2™ equation yields, after simplification,
(1+8)(Q,)” +(1+2m)Q, ~21=0
— (1+2T0) £ /(1 + 2T0)* — 4(1 + 3)(=21)
? 2(1+90)
—(1+2T0) £ /1 + 4708 + 4T + 81T+ 8D
2(1+9)
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= (1+210) £ /(1 +2T®)* + 87T+ 8T
2(1+3)

Q,
with Q, =1-Q,

3. Suppose TT=.5and & = %

AL AR Tax
’ 2(4))

38
ig(g)

N | —

1 .. . . .
Q,= 5 (We want the positive root. Otherwise agent 2 will have no consumption

inthe B =1 state)

1
Q1 :E-

15.2 When markets are incomplete :

15.3

1) MM does not hold: the value of the firm may be affected by the financial structure of the
firm.
ii) It may not be optimal for the firm’s manager to issue the socially preferable set of

financial instruments

a. Write the problem of a risk neutral agent :

Max 30 —p? Q*+1/3 % (15+ Q) +2/3 % 15

FOC: -p? + 1/6 = 0 thus p? = 1/6 necessarily!
This is generic: risk neutrality implies no curvature in the utility function. If the equilibrium
price differs from 1/6, the agent will want to take infinite positive or negative positions!
At that price, check that the demand for asset Q by agent 1 is zero:

Max 20 — 1/6 Q' + 15 1/3 In(1 + Q") + 1% 2/3 In(5)
FOC: -1/6 + 1/6 1/(1 + Q") =0
Q'=0

Thus there is no risk sharing. The initial allocation is not Pareto — optimal. The risk averse agent
is exposed to significant risk at date 1. If the state probabilities were 'z, nothing would change,

except that the equilibrium price becomes:

Pe=1,
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15.4

b. p%=1/6, Q' = 0 (the former FOC is not affected), p* = 1/3
FOC of agent 1 wrt R:
13+ (%23 1/(5+RY=0

1=5+R!

So agent 1 sells 4 units of asset R. He reduces his t = 1 risk. At date 1, he consumes 1 unit in
either state. He is compensated by increasing his date 0 consumption by p® R' =1/3(4) = 4/3.
The allocation is Pareto optimal, as expected from the fact that markets are now complete.

Post trade allocation:

=0 t=1 t=2
Agent 1 20 4/3 1 1
Agent 2 28213 15 19
t=0 t=1
0=1 0=2
Agent 1 4 6 1
Agent 2 6 3 4

U'(c,, €(0))= %lncg +Elnc!(6)

Ule,. 5(6)= Y +Etncc(6)
Prob(6,)=.4 Prob(8,)=.6

a. Initial utilities —

Agent]1: U'(c,, € (0) = % In(4)+.41n(6)+.61n(1)
= 1/(1.386)+.4(1.79)
=.693+.716 =1.409

Agent2: U3(c,, () = %(6)+.41n(3)+.61n(4)
=3+.439+.832
=4.271
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c. Firm’s output

t=1

0=1 0

= 2
-p 2

3

Agent 1’s Problem (presuming only this security is issued).
erllxéln(4 -pQ,)+.4In(6+2Q,)+.61n(1+3Q,)

Agent 2’s Problem
H$X%(6—pQ2)h4hﬁ3+2Q2yh6hﬂ4+3Q2)

The F.O.C.’s are:

_ 1 p 1 1
Agent 1: 2(4_lej '4(6+2Q1](2)+'6(1+3Q1J(3)

o |
rgem2 L .4(3+2Q2j(2)+.6(4+3Q2j(3)

Qz :1_Q1

These can be simplified to

. p _ 16 3.6
(1) = +
4-pQ, 6+2Q, 1+3Q,
) pe_lb . 36
5-2Q, 7-3Q,

The solution to this set equations via matlab is

p=1.74
Q, =1.245

Thus Q, =1-1.245 = —.245 (short sale).

Thus V, =1.74.
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The post-trade allocations are
t=0 t=1
0=1 6=2
Agent 1: 4-(1.74)(1.245) =1.834 6 +2(1.245) =8.49 1+3(1.245) =4.735
Agent2: 6—(1.74)(—.245) = 6.426 3-2(.245)=2.51 4 -3(.245) =3.265

Post-trade (ex ante) utilities:

Agent]1: %m(l .834)+.41n(8.49) +.61n(4.735)

=.3032 +.4(2.14)+.6(1.555)
= 3032 +.856 +.933
=2.0922

Agent2: %(6.426) +41n(2.51)+.61n(3.265)

=3.213+.368 +.70996
=4.291

Nearly all the benefit goes to agent 1. This is not entirely surprising as the security payoffs are
more useful to him for consumption smoothing.

For agent 2, the marginal utility of a unit of consumption in period 1 is less than the marginal
utility of a unit in period 0. His consumption pattern across states in t=1 is also relatively
smooth, and the security available for sale is not particularly useful in correcting the existing
imbalance. Taken together, he is willing to “sell short” the security or, equivalently, to borrow
against the future.

The reverse is true for agent 1 especially on the issue of consumption smoothing across t=1
states: he has very little endowment in the more likely state. Furthermore the security pays
relatively more in this particular state. Agent 1 thus wishes to save and acquires “most” of the
security.

If the two states were of equal probability agent 1 would have a bit less need to smooth, and thus
his demand would be relatively smaller. We would expect p to be smaller in this case.

c. The Arrow-Debreu securities would offer greater opportunity for risk sharing among the
agents without the presence of the firm. (We would expect V. to be less than in b).
However, each agent would most likely have a higher utility ex ante (post-trade).

d. Let the foreign government issue 1 unit of the bond paying (2.2); let its price be p.
Agent Problems:

Agent 1: ngax%ln@ -pQ,)+.41n(6+2Q,)+.6In(1+2Q,)
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Agent 2: n?x%@—pQ)+vﬂn@+2QJ+6hﬂ4+2QJ

Where, in equilibrium Q, +Q, =1

F.O.C’s:

Agent 1: l( P jz '4(2) + '6(2)
2{4-pQ, ) 6+2Q, 1+2Q,

Agent 2: lp— '4(2) + '6(2)

27 3+2Q, 4+2Q,

Substituting Q, =1-Q,, these equations become:

p _ 16 2.4
= +
4-pQ, 6+2Q, 1+2Q,

1.6 24
p= +
5-2Q, 6-2Q,

Solving these equations using matlab yields

p =1.502
Q, =1.4215
and thus Q, =-.4215

The bond issue will generate p =1.502.

Post Trade allocations:

=0 t=1
6=1 0=2

Agent I:  4—-(1.502)(1.4215) =1.865 6+2(1.425)=8.843  1+2(1.4215) =3.843

Agent2: 6-(1.502)(—.4215) = 6.633 3+2(-4215)=2.157 4+2(-.4215)=3.157
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15.5

The utilities are:

Agent]1: %111(1.865) +.41n(8.843) +.61n(3.843)
=3116+.8719+.8078
=1.9913

Agent2: %(6.633)+.41n(2.157)+.61n(3.157)

=3.3165+.3075+.690
=4314.

Once again; both agents are better off after trade. Most of the benefits still go to agent 1;
however, the incremental benefit to him is less than in the prior situation because the security is
less well situated to his consumption smoothing needs.

e. When the bond is issued by the local government, one should specify i) where the proceeds
from the bond issue go, and ii) how the t=1 payments in the bond contracts will be financed. In a
simple closed economy, the most natural assumption is that the proceeds from the issue are
redistributed to the agents in the economy and similarly that the payments are financed from
taxes levied on the same agents. If these redistributive payments and taxes are lump-sum
transfers, they will not affect the decisions of individuals, nor the pricing of the security. But the
final allocation will be modified and closer (equal ?) to the initial endowments. In more general
contexts, these payments may have distortionary effects.

a.
. 1 ! 11
Agent 1 : max 5x, +3X,
s.t.
1+ 1 < 1+ 1
q,X; Tq,X, 5,6, 7,6,
. 1 2 1 2
Agent 2 : max Inx; +JInx;
s.t.

2 2 2 2
q,X; Tq,X; =q,€) Tq,¢;

Substituting the budget constraint into the objective function :

Agent 1 : mgxl(

2
X3

1 1 1
q,€, +q,€, —q,X, Lol
+-X
q 2 X2
1

2 4 2 2
Agent 2 : mgx%ln(qlel 4% qzxzj+%lnx§
q,
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FOC’s

Agent 1 : %(_qzj+%:0:>ql =q,

q,

Agent 2 : %( 5 Q12 5 J(q—ZJ = %(%J which, taking into account that the two prices
q:€1 Tq,€; —q,X; \ 9, X

2
are equal, solves for

2 2
e, te
x5 =x; =1
2

agent 2’s consumption is fully stabilized.

,1.e.,

b. Each agent owns one half of the firm, which can employ simultaneously two technologies :

t=0 t=1
=1 6=2
Technology 1 -y y y
Technology 2 -y 3y 0

Let x be the portion of input invested in technology 2. Since there are 2 units invested in total, 2-
x is invested in technology 1. In total we have :

t=0 =1
0=1 =2
Invested in tech. 1 2-X 2-X 2-X
Invested in tech. 2 X 3x 0
Each firm owner 1+x 1-1x
receives

Considering that the two Arrow-Debreu prices necessarily remain equal, agent 2 solves

1 1 2 2 _ 2 1 2
max;In(2+5x+e; +e; —x5)+5Inx;

It is clear that he wants x to be as high as possible, that is, x =2.

The FOC wrt x3 solves for

1 2 2
2 _ a2 _2tyxtel te,
X5 =x; = .
2

Again there is perfect consumption insurance for the risk averse agent (subject to feasibility, that
is, an interior solution).

Agent 1 solves

1 1 1 11 Lol
mftx;(2+5x+el+2ez X,) + 73X,
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Clearly he also wants x to be as high as possible. So there is agreement between the two firm
owners to invest everything (x = 2) in the second more productive but riskier technology. For
agent 1, this is because he is risk neutral. Agent 2 , on the other hand, is fully insured, thanks to
complete markets. Given that fact, he also prefers the more productive technology even though it
is risky.

c. There cannot be any trade in the second period ; agents will consume their endowments at that
time.

Agent 1 solves
maxt(l+x+e)+Li(1-1x+e))=

1 1
e, te
maxl+ix+—1—2

X

; clearly he still wants to invest as much as possible in technology 2.

Agent 2 solves
maxtin(l+x+e)+1In(l-1x +e)

which, after derivation, yields
_1+2e -e}

5 .
That is, the (risk averse) agent 2 in general wants to invest in the risk-free technology. There is
thus disagreement among firm owners as to the investment policy of the firm. This is a
consequence of the incomplete market situation.

X

d. The two securities are now

t=1
0=1 6=2
A bond 1 1
Technology 2 1+x 1-1x

These two securities can replicate (1,0) and (0,1). To replicate (1,0), for instance, invest a in the
bond and b in the firm where a and b are such that

at(l+x)b=1

at(l-1x)b=0

This system impliesb = £x and a=1-Zx(1+x).

Given that the markets are complete, both agents will agree to invest x=2. Thus b= 1 and a=0
replicate (1,0).
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Chapter 16

16.1.

16.2.

16.3

16.4

The maximization problem for the speculator's is:

max EUlc™ + (pf —p)fJ
Let us rewrite the program in the spirit of Chapter [V:
W(f) = E{U(c* + (pf - p)f)} The FOC can then be written

w'(f) = E{U' (c* + (pf - p}f)(pf - p)} =0. From (U"<0) we find

w''(f)= E{ " (c* + (pf —p)f)(pf —p)2}< 0. This means that £>0 iff

w (0) = {U' (c*)}E(pf - p) > 0. From U0 we have >0 iff E(pf - p) > 0. The two other cases
follow immediately.

Let us reason with the help of an example. Suppose the current futures price p' is $100. The
marginal cost of producing the corresponding commodity is $110. The producer’s expectation as
to the t=1 spot price for her output is $120.

The producer could speculate in the sense of deciding to produce an extra unit of output since
she expects to be able to sell it tomorrow at a price that covers her marginal cost with a margin
($10) that we can even assume sufficient to compensate for the risk being taken.

The rule we have derived in this chapter would, however, suggest that this is the wrong decision.
Under the spelled out hypotheses, the futures price is the definite signal of production (Equation
16.3).

It is easy to see, indeed, that if the producer wants to take a position on the basis of her
expectations on the t=1 spot price, she will make a larger unit profit by speculating on the
futures market rather than on the spot market. This is because the cost of establishing a ‘spot’
speculative position is the cost of producing the commodity, that is, $110 while the cost of
establishing a speculative position on the futures market is $100 only. If the producers’
expectations turn out to be right, she will make $20 on a unit speculative futures position while
she will make only $10 by speculating on the spot market, that is, by producing the commodity.
Note that this reasoning is generic as long as the futures price is below the cost of production. If
this was not the case, producing would not involve any speculation in the sense that the output
could be sold profitably on the futures market at the known futures price.

When the object exchanged is a financial asset and investors have heterogeneous information, a
price increase may reveal some privately held information leading some buyers and sellers to
reevaluate their positions. As a consequence, the increase in price may well lead to a fully
rational increase in demand. In that sense the law of demand does not apply in such a context.

When investors share the same information, the only source of trading are liquidity needs of one
or another group of investors. In the CCAPM with homogeneous investors, there simply is no
trading. Prices support the endowment allocations. In a world of heterogeneous information, the
liquidity-based trades are supplemented by exchanges between investors who disagree (and in
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some sense agree to disagree) about the fundamental valuation of the object being exchanged: I
sell because I believe at the current price the stock of company A is overvalued knowing that the
investor who buys from me is motivated by the opposite assessment. Obviously trading volume
is necessarily higher in the second world, which appears to be closer to the one we live in than
the former.

N
ETt=pye——
Py 2y
varTi=p’ y* vare +z° varq—2zpycov(e,q)
FOC:

y: pE—y—y[p2 yvarE—zpcov(E,?l)JZO
This is a maginal product = marginal cost condition where the latter includes a risk premium.

z: zvarq—pycov(e,q)=0

,=Pycov(e,q)
varq

p y = value placed at risk by fluctuations of exchange rates.

Optimal position in hedging instrument 2 is the product of py by a coefficient that we may call
B, which is the sensitivity of ¢ to changes in the price of the hedging instrument as in

e=a +Bq+E€.

If the coefficient (3 is 1, the optimal position in the hedging instrument is exactly equal to the
value placed at risk py. Given the value of the optimal z, the FOC wrt y can be written as:

pE-y-szyvarE{ =
Varqvare

pe-y-yp’ yvarE[l—RZJ =0

where R? is the correlation coefficient in the above regression of Gon ¢ .
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