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Liquidity Management and Corporate
Demand for Hedging and Insurance

Abstract: We analyze the demand for hedging and insurance by a firm facing
cash flow risks. We study how the firm’s liquidity management policy interacts
with two types of risk: a Brownian risk that can be hedged through a financial
derivative, and a Poisson risk that can be insured by an insurance contract.
We find that the patterns of insurance and hedging decisions are pole apart:
cash-poor firms should hedge but not insure, whereas the opposite is true
for cash-rich firms. We also find non monotonic effects of profitability. This
may explain the mixed findings of empirical studies on corporate demand for

hedging and insurance.
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1 Introduction

Corporate risk management has been the subject of a large academic literature in the
last twenty years. This literature aims at filling the gap between the irrelevance results
derived from the benchmark of perfect capital markets (Modigliani and Miller, 1958) and

the practical importance of risk management decisions in modern corporations.

Several directions have been explored for explaining how and why firms should hedge
their risks,! among which: managerial risk aversion (Stulz, 1984), tax optimization (Smith
and Stulz, 1985), cost of financial distress (Smith and Stulz, 1985), cost of external financ-
ing (Stulz, 1990; Froot, Scharfstein and Stein, 1993). A few papers have applied these

ideas to model corporate demand for insurance.?

The specific testable implications derived from each of these models are different,
but some of them are robust. In particular, there is now a consensus among financial
economists that profitability and liquidity should be important determinants of firms’
hedging and insurance policies. All of the above theories predict indeed that less liquid
and less profitable firms should manage their risks more actively. However, this is only
partially confirmed by the data. Indeed, the empirical literature (see for example Tufano®
1996 and Geczy et al.* 1997) finds that liquidity is indeed an important determinant of
hedging (more liquid firms hedge less), but there is no clear evidence on the impact of
liquidity on insurance decisions. Also, profitability does not seem to have a clear and

robust impact on hedging and insurance decisions.

The main objective of this paper is to show that when liquidity management and risk

management decisions are endogenized simultaneously, the theoretical impact of prof-

IFor a critical assessment of these ideas, see Smith and Stulz (1985).

2See for example Mayers and Smith (1982), (1987) and (1990), or Caillaud et al. (2000).

3Tufano (1996) studies risk management behavior in the US gold mining industry. He finds that man-
agerial compensation (in the form of share ownership or stock options holdings) is a major determinant
of the use of derivatives: when managers own shares, firms hedge more, but when managers own options,
firms hedge less. He also finds that more liquid firms hedge less.

4Geczy et al. (1997) study a sample of 372 US firms, composed of the Fortune 500 largest firms that
have at least one source of foreign exchange exposure. They use a logit model to explore the determinants
of the use of currency derivatives. They find evidence that higher quick ratios, indicating more internally
available funds, are associated with a lower probability of using currency derivative instruments.



itability is non monotonic: the firms that gain the most from actively managing their
risks are not the less profitable nor the most profitable. Moreover, when insurance deci-
sions are explicitly modeled, we find that the optimal patterns of hedging and insurance
decisions by firms are exactly opposite: cash-poor firms should hedge but not insure,
whereas the opposite is true for cash-rich firms. Thus the relation between liquidity and
optimal risk management decisions of firms may be more complex than initially thought.
This may explain the mixed findings of empirical studies on corporate demand for hedging

and insurance, who typically use linear specifications.

Our model uses a continuous time stationary framework a la Merton (1974) or Leland
(1998), with the important difference that we focus on liquidity risk rather than solvency
risk.” Namely, we consider a model similar to Radner and Shepp (1996) and Jeanblanc
and Shiryaev (1995) where a firm operates a profitable technology but is confronted with
unpredictable® liquidity shocks. Cash management is used to reduce the cost of two
financial frictions that work in opposite directions: on the one hand issuing new securities
is costly and on the other hand, free cash-flows can be wasted by managers. We show
that the optimal liquidity management policy of the firm is to accumulate cash balances
up to some target level x* and distribute all further gains as dividends. As we explain

below, z* can be viewed as a measure of the cost of financial frictions.

We first construct a simple model that allows to study simultaneously liquidity man-
agement and risk management decisions (Section 2). We then use this model to char-
acterize these optimal decisions (Section 3). Section 4 provides some robustness checks.
Section 5 estimates the gains from hedging and insuring. Section 6 concludes by deriv-
ing testable implications on the impact of profitability and risk on corporate hedging.

Mathematical proofs are in the appendix.

5Similar frameworks have been used to analyze the impact of solvency regulations and regulatory
audits on banks’ portfolio decisions: see e.g. Merton (1978), Bhattacharya et al. (2002) or Dangl and
Lehar (2001).

6Specifically, in our model instantaneous cash flows contain a Brownian component. Equivalently,
cumulated cash flows X, follow a mixed Poisson-diffusion process. By contrast, in Merton (1978) and
Leland (1998) the profitability of the firm is uncertain but cash flows are predictable. That is, in their
model the cash flow process X; satisfies dX; = pdt (no diffusion term) but p; itself follows a diffusion.



2 Integrating Liquidity Management and Risk Man-
agement

One of our objectives is to contrast the behavior of a firm with respect to two types of

risk:

e risks like currency risk that continuously impact the earnings of the firm and can

be hedged through market instruments like futures contracts,

e risks like industrial catastrophes that have a small probability of occurrence but a

large cost if they occur, and can only be covered through an insurance contract.

In order to introduce a need for active cash management, we follow the strategy of
Décamps et al. (2008) and introduce two financial frictions: a cost of issuing new securities
(which gives a precautionary motive for cash holdings) and an agency cost a la Jensen
(1986), implying that cash holdings within the firm have a lower rate of return than the
risk free rate (this gives the second part of the trade-off, i.e. a reason for limiting these cash
holdings). We want to build a model allowing to study the interactions between liquidity
management (i.e. when to issue new securities and when to distribute dividends) and
risk management (when to hedge and when to insure). For simplicity we rule out other
frictions such as taxes (implying that the firm will never issue debt but only equity) or

transaction costs on insurance contracts or hedging instruments.

2.1 The Model

We consider a firm characterized by a cash-flow generating process that we decompose

into two parts:

)

e ‘“primary” earnings that result from the core activities of the firm and cannot be

modified”,

"For simplicity we assume that the size of the firm is fixed, and do not introduce investment nor
depreciation.



e other profits and losses that can be modified by the firm through several dimensions
of its financial policy that we model simultaneously: dividend payments, issuance

of new securities, hedging and insurance decisions.

The firm’s behavior is entirely determined (for a given set of parameters) by a unique
state variable, the level X, of cash holdings. This level of cash holdings is controlled by
both the dividend policy Z and the issuance policy I. Therefore, in the absence of hedging

or insurance, the dynamics of X; is given by:

dX; = [pdt + 0dW;] + roXydt + [ordWE — LdP] — dZ; + dI,. (1)

The first bracket corresponds to the “primary” earnings of the firm: p is the expected
profitability per unit of time, o the volatility of “primary” earnings and W; a standard
Wiener process which cannot be hedged nor insured. ry > 0 is the interest rate received
on cash holdings. The second bracket corresponds to the two risks that can be managed:
the Brownian risk opdW/ can be hedged at no cost (W[ is another Wiener process,
independent from W), while the Poisson risk can be insured (FP; is a Poisson process with
intensity A) for a fair premium AL per unit of time. We assume that p > AL (otherwise
the technology would not be profitable). The last two terms correspond to the financial
decisions of the manager of firm: Z,; is the (non decreasing) cumulative dividend process

and I, is the (non decreasing) issuance process.

The issuance policy consists of choosing the dates and the amounts of new securities
issued. We represent the times of issuance by a sequence (7, )nen and the amounts issued

by another sequence (i,)nen. I; represents cumulated issuance up to date

[e.e]

L= (in— Hlgr<n, (2)

n=1

where f is a fixed cost incurred by the firm every time new securities® are issued.”

When X; < 0, the firm has the choice between issuing new equity or defaulting, in

which case shareholders lose everything. All investors are risk neutral and discount the

8Since there are no taxes, it can be shown that the optimal security is always equity.
9We could also introduce proportional issuance costs as in Decamps et al. (2008). This would com-
plicate the analysis without changing the qualitative results.



future at rate r. Thus the only financial frictions in our model come from the twin
assumptions that f > 0 (which explains why the firm needs to hold cash) and ry < r
(which explains why the firm does not retain all earnings).

Since the firm must hold non-negative cash reserves, (1) represents the dynamics of the

cash reserves, up to the time:
5 = inf{t > 0] X; < 0}, (3)

at which the firm goes bankrupt. Note that 75 can take infinite values. Given an issuance
policy ((75)n>1, (in)n>1), & dividend policy Z, and current cash reserves z > 0, the value

of the firm along the policy can be computed as:

0@ (T, (i, ) = B [ | etz an| @

The objective is to find the optimal shareholder value function V', defined as

Vieg)=  sup A{o(@; (T)nz1, (in)n1, L)}; - 2 > 0. (5)

(Tn)n>1,(in)n>1,2
2.2 The Case of Perfect Financial Markets (f = 0)

In the absence of issuing costs (i.e. when f = 0) the firm would never hold any cash. As
long as there is no accident, the firm would fully distribute its earnings [udt + odW; + aRthR]
in the form of dividends (if positive) or new equity issuance (if negative). It would be
totally indifferent concerning its hedging policy. Concerning insurance, its behavior would
depend on the sign of u — (r + A\)L. When this term is negative (large losses) the firm
would not insure at all and would default whenever an accident occurs. In this case,

shareholder value would be

o
VFB(ZL')ZJZ+T+)\. (6)

Indeed, initial cash holdings x would be distributed immediately as a lump sum dividend,

and shareholders would also receive a flow of dividends udt until the first accident. The

expected present value of this cash flow is -25. When pu—(r+A)L is positive, 45 becomes

smaller than “;’\L. In this case the firm would not keep any cash either but it would insure



completely (or equivalently issue new equity after each accident) and would never default,
leading to the shareholder value function:

Ww— AL

VFB(J') =x+ ,

(7)

Thus we have established:

Proposition 1 Consider the case where issuing new equity is costless (f = 0). The

optimal policy of the firm is such that:

the firm never holds any cash,
e the hedging policy is irrelevant,

e when L > r%\ the firm does not buy insurance and defaults whenever an accident

0CCurs:
I

VFB(ZL') :l‘—i-r_'_)\;

o when L < Ti/\ the firm is indifferent between insuring completely or issuing new

equity every time an accident occurs. The firm never defaults:

— AL
VFB(ZL'):I—FM . .

Note that when f = 0 the second friction (ry < r) does not matter since the firm never
holds any cash. By contrast, when f > 0 and ry = r (first friction only) shareholders
prefer to hoard cash without limits, in order to minimize the probability of having to issue
new equity in the future. But then, no dividends are ever distributed, which means that

the shareholder value maximization problem does not have a well defined solution.

The interesting case occurs when both f > 0 and ry < r. For tractability reasons we
assume in the core of the text that 7o = 0. The general case ry > 0 is examined in Section

4.2.



2.3 A Benchmark: Shareholder Value when Risk Management
is Impossible

In order to be able to measure the gains from hedging and insurance, this section studies
the case where these activities are impossible. The shareholder value function V' is defined
by formula (5), where issuance and dividend policies are optimized. Following Décamps
et al. (2008) this section shows that the optimal financial policy of the firm depends on

the magnitude of the issuance cost.

Before going further, we need to specify the mathematical formulation of the control
problem faced by the firm. To do this, we introduce an operator M that models the

impact of the issuance of new shares:
MV (x) = m;aOX{V(ac +i—f)—1i}.

Since the firm is free to issue new equity at any moment (for a fixed cost f) it must be
that, for all z, V(z) > MV (z). Moreover, it is optimal to issue equity when the level of
cash is z if such that V(z) = MV (z).

Similarly, since the firm can always pay an amount z of dividends, its value function
satisfies:

Ve Vz>0 V(z)>V(r—z)+ =z

Dividing by z and letting z converge to zero, we see that V'(x) > 1, with equality only in
the region where dividends are paid. Assuming the concavity of V19 V' is non-increasing,

and the optimal dividend policy is always characterized by a target

cash level * such that all cash is retained below z* and distributed above it. This
implies:

V(z)=x—2"+V(z") forz>a".

Moreover it can be proved that optimality implies that V is of class C2, and thus that:!!

Vi(z*)=1, V"(z*)=0. (8)

10This property will be checked ex post.
"The second condition is often called smooth pasting (see Dumas (1991)).



The dividend policy has strong implications for the operator M. Indeed, whenever there
is a new issuance, it is optimal to issue the amount'? i = z* — x + f so that MV (z) =
z+ (V(2*) —2* — f). Since the firm cannot continue with a negative cash reserve (when
the cash reserve is negative the only alternative is to issue new shares or liquidate the
firm), the value function V' must satisfy V(x) = max(0, MV (z)) for z < 0. In particular,
V(0) = max(0, V(z*) —2* — f).

Finally, whenever > 0, the firm’s management always has the option to remain passive
(no dividend, no issuance), in which case, the value function evolves like a discounted
martingale, so that:

02+012%

rV(z) = uV'(z) + < 5 ) V' z) = X[V (z) = V(z—L)].

Whenever remaining passive is not optimal it must be that:

02—|—0§%

rV(z) > uV'(z) + ( 5

> V"(z) = X[V (z) = V(z = L)].

Therefore it is useful to introduce the second order differential operator with delay:

o?+ 0%,

AU (z) = pU ' (x) + ( 5

) U'(z) = (r + \NU(z) + \U(z — L).

In all the paper, the characterization of the optimal policy of the firm will be obtained

in three steps:

e showing that the value function satisfies some differential equation with endogenous

boundary conditions (a free boundary problem),
e finding a feasible strategy that generates a value function that solves this problem,

e proving that no feasible strategy can strictly improve on this value function (verifi-

cation theorem).

We are now in a position to characterize the value function when risk management is

impossible.

12This is because there is no proportional cost of issuance. Introducing such a cost does not alter the
qualitative properties of V. See Décamps et al. (2009) for details.

10



We first consider the case where L is so large (the precise condition will be given
below) that the firm always defaults after an accident: V(z — L) = 0 for all z < z*. In
this case the operator A takes a simpler expression:

o? + 0%,
2

AV (2) = ( ) V(@) + uV (@) — (r + NV (@)

Moreover, if the issuing cost is so large (here also the precise condition will be given
below) that shareholders prefer to default whenever the firm runs out of cash (V(0) = 0),

the previous discussion suggests that the optimal shareholder value function V' satisfies:
AV (z) =0 on some interval [0, 2"
with the boundary conditions
V(0)=0, V'(z*)=1and V"(z*)=0.
It turns out that Jeanblanc and Shiryaev (1995), have established that there is a
unique pair (Vp, z§) solution to this boundary problem:

2

(Z58) V' + ¥y = (r 4+ Vo = 0 for 0 < & < 5
Vo(0) = 0, Vg () = 1 and Vy (x5) = 0

The next proposition states that the value function V' coincides indeed with Vj for large

losses L and large issuance cost f. More precisely, we have:

Proposition 2 In the case of large potential losses and large issuing costs (specifically,

when L > x§ and f > — ap) we have V. = Vy. Consequently, optimal liquidity

K
r+A

management is such that:

o The firm retains all cash up to some threshold xj; and distributes all cash above zj.

e The firm never issues new equity and defaults whenever x < 0.

Proof: See the Appendix. o

11



A closed form solution is available by introducing #; < 0 < 65, the roots of the quadratic
equation

1
r+ A= pub+ 5(02 + o3)0°.

The shareholder value function is given by:

692J1 o 691:1: -
Volz) = Gochor g for z < 2} 9)
= x—x*+Lforx>x*. 10
O N 0

where the target cash level for dividend distribution is:

1 02
5= In . 11
TG, 0, 63 1
This case is illustrated in Figure 1.
Value of the firm
Vig &
Vo
No dividends %0 Dividends Cash holdings z

(Financial distress)

Figure 1: Shareholder value Vy(x)
compared with the first best value Vpp(z).

In our simple set-up, the target cash level zj is a good measure of the cost of financial
frictions: indeed for x large (specifically for x > xf, i.e. outside the financial distress
region) the difference between Vpp(z) and Vy(x) is precisely equal to z§. Thus the cost
of financial frictions is measured exactly by the amount of cash reserves that have to be

kept idle by the firm (remember our assumption that cash reserves are not remunerated).

12



In the more general case where 1y > 0 (studied in Section 4.1) the target cash level is
x* > x5, and the cost of financial frictions is measured by (1 — ’"70) x*, the present value

of foregone interest (r — r¢)z* on the target cash reserve.

The same reasoning can be employed in the case where L is large but f is small.
Indeed, assume for a while that there is a unique pair (Vi, z3(f)) that solves the following

free boundary problem:

2 | 2

(U ;UR> Vi 4+ uV, —(r+\Vi =0 for x < 2 (12a)
V() = 1 and V() = 0 (12b)

Vi(z) = max(0,z + Vi(z]) —a] — f) for <0 (12¢)

The next proposition states that the value function V' coincides with V; for large losses

L and small issuance cost f. More precisely, we have:

Proposition 3 In the case of large potential losses and small issuing costs (specifically
when L > xj and f < T%—x(ﬁ), we have V = V;. Consequently, optimal cash management

15 characterized by:

e The firm retains all cash up to some threshold x3(f) (which is smaller than ) and

distributes all cash above x73(f).

e Whenever the firm runs out of cash (x = 0), il issues new equity for an amount

zi(f)+ [

o The firm defaults if and only if there is an accident.

Proof: See the Appendix. o

It remains to prove that the above free boundary problem admits a unique solution.

For a fixed 27, there is a unique solution V; of (12a) that satisfies (12b). It is given by:
B2 (e=x7) _ g2r(a—a])
0102(05 — 61)
Vifz) = xz—a]+ , T > T (14)

Vi(z) T <, (13)

P
r+ A

13



To satisfy (12c), the target cash level z7(f) must be such that:
Vi(0) = V(1) — a1 — f 20,

which is equivalent to two conditions:

0;6—91$I _ 9%6—9232? ILL
: = - 15
and
—x7— f>0. 1
o f=0 (16)

Therefore, the existence of a unique pair (V4, x}) solution of (7) is guaranteed by

Lemma 1 There is a unique solution xi(f) to Equation (15). Moreover if f < -t~ — g,

it satisfies condition (16).

By applying the implicit function theorem to Equation (15), it is easy to prove that

is an increasing function of f such that 27(0) = 0 and z7(f) = z for f > 5. Moreover,

Vi(z) converges to Vrp(x) = x + ;L5 when f converges to zero. Here again, x7(f) is a

good measure of the cost of financial frictions.

A comparison of Propositions 2 and 3 shows the impact of the issuance cost on the div-
idend policy and the default probability of the firm when risk management is impossible.
When the issuance cost is high (Proposition 2) the firm has to reach a high level of cash
xj, before distributing dividends. Moreover the probability of default is high since this
default can be provoked either by an accident or by a sufficiently long stretch of negative
cash flows that exhausts the firm’s cash reserves (z = 0). By contrast, when the issuance
cost f is smaller (Proposition 3) the target level of cash x(f) is lower (z7(f) < xf) and
default can only the provoked by an accident, since the firm always issues new stocks when
it runs out of cash. As a result, dividends are distributed more often and the probability

of default is lower.

In order to study the impact of hedging and insurance on shareholder value, we now

consider the case where risk management is possible.

14



3 Optimal Risk Management

We now assume that the firm has access to perfect risk management instruments: it can
hedge the Brownian risk at no cost and insure potential accidents at actuarial premiums.

The dynamics of the cash reserves is now given by
dX = [(n+ roXe — ALiy)dt + odWi]+ [(1 — hy)opdW/* — (1 — iy) Ld P, — dZ,+d1I,, (17)

where the control variables of the firm are represented by an adapted process u; =
(I, Zy, hy, 1) where : I, is the cumulative issuance process defined as in condition (2),
Zy is the cumulative dividend process (both are non-decreasing and right continuous pro-
cesses) h; € [0, 1] represents the fraction of the Brownian risk that is hedged and i, € [0, 1]
the fraction of the Poisson loss that is insured. The optimal shareholder value function is
found by maximizing the expected discounted value of dividends up to liquidation time

7, the first instant where the controlled cash flow process X;* falls below zero. Formally

V() = max E, l /0 et (dZ, — dIt)} | (18)

1,Z,hyi
3.1 Some Properties of the Solution
As in the benchmark case, the optimal choices of I and Z are characterized respectively
by the operator M defined as:
MV (z) = I?ZaOX{V(ZL‘ +i—f)—1i}

and by the first derivative of V. Assuming the concavity of V', the optimal dividend policy
is again characterized by a target cash level x* such that all cash is retained below x* and
distributed above it. It can be proven that x* = inf{xz, V'(z) = 1}. Moreover, optimality

implies that V is of class C?, and thus that:

Viz*)=1, V"(z*)=0. (19)

As in the benchmark case, it is easily seen that
Ve>0 Vi>0 V(x)>V(ex+i)—i—f. (20)

15



Since V' is concave and V'(z*) = 1 we have
Vo < z* :r?gaOX{V(x%—i) —i—f}=V(@")—a"— f+u.
Therefore (20) is equivalent to
Ve >0 Vig)—x>V(@")—a"— f
Using again the fact that V' is concave, we have that

min[V(x) — z] = V(0),

x>0
and therefore V(0) > V(2*) — 2* — f, with equality if and only if the firm issues new

equity when it runs out of cash, otherwise it is liquidated, and V' (0) = 0.
e Optimal risk management policy

On the interval (0, z*), there is no equity issuance and no dividend distribution (d/; =

dZ; = 0). Therefore the cash dynamics is given by:
dXy = (p — ALiy)dt + odW; + (1 — hy)ordW/[ — L(1 —i,)dP,.
Thus the optimal value function satisfies the Hamilton-Jacobi-Bellman equation:
rV(r) = nl;%x(u — ALi)V'(z) + % (0®+ (1= h)’o) V"(z) = A[V(z) — V(z — (1 —i)L)].
(21)

Since V' is concave on (0, z*) (this will be established ex-post) and hedging is costless,

the optimal hedging strategy is always to hedge fully:

Ve e (0,z1) h*(x)=1

The optimal choice of insurance is more subtle. The function ¢ — V(z — (1 —¢)L) is
concave whenever z — (1 —4)L € (0,z1) and equal to zero whenever z — (1 —4)L < 0 (we
will check ex post that, when L is large enough the firm never issues new equity after an

accident). Therefore the choice is reduced between i = 1 and ¢ = 0:

() = 1 it V(z) > LV (), (22)

= 0 if V(z) < LV'(2), (23)

16



As in the benchmark case, we characterize the optimal policy of the firm in three steps:

e showing that the optimal function necessarily satisfies some boundary value prob-

lem,
e finding a feasible solution to this problem,
e establishing a verification theorem.

Let us define

D@)U(x) = (“ ; “R) U'(x) + (u — AL)U (x) — (r + NU(2) + AU (2 — (1 — ) L),

3.2 Optimal Risk Management when Issuing Costs are High

When issuing costs are high, we establish below that the optimal insurance decision is

given by:

i(x) = 0 if 0<z<x (24)

where Zy and z; are respectively the insurance and the dividend thresholds. In other
words, insurance is optimal when the firm has enough cash (X; € [Zo, Z1]). The intuition
is given by the shape of the value function: convex at zero, concave anywhere else. Since
hedging eliminates small risks in the concavity region, it is always optimal to hedge fully
(at least when hedging is costless). By contrast, insurance is intended to cover large risks,
that may make X; jump below 0, in the convexity region. This is why insurance is not
optimal when the firm is cash-poor.

As explained above, the shareholder value function V' can be obtained in three steps: first

finding a C? solution (V, %y, Z;) to the following free boundary problem:

D(0)V(x) =0 0<z<
D()V(z)=0 Zg<z< (26)
V(0)=0, V'(z;) =1, V"(z1) =0



Secondly, we have to check that the smooth solution V of the free boundary (26) is at-
tainable and finally that it satisfies the verification theorem (Theorem 2 in the appendix).
At this stage, we need to introduce some notation. By analogy with Section 2, let us
denote by 71 < 0 < 7, the roots of the characteristic equation corresponding to i = 1
(insurance):
L 5 9

(4= ML)y + 50% =, (27)
and by 8, < 0 < 0, the roots of the characteristic equation corresponding to i = 0 (no
13

insurance):

1
pb + 50262 =r+ A\ (28)

Next proposition shows that there is a solution (V, Zo, Z;) to (26) such that Zy < L.

Proposition 4 Assume L < -t There is a unique C? solution (V,Zgy,71) to (26). V is

concave and is given in closed form

f:l(eé” - gélx) for x <z
V(z) =< BeM® + Ce* forzg < x <1y

ML _ _
r+ =22 =1y for v > 2,

where A, B, C are explicit functions of the parameters. The thresholds %, and T; are

given by:
1 1— L6,
Tg = —— 1 — . 29
B ) n(l—L02> (29)
- 1 (- L%))
T1 =29+ In . 30
T T - (722(1 — L) (30)
Proof: See the Appendix o

We are now in a position to characterize the optimal value function of the firm in the case

of large issuance costs.

Proposition 5 Assume that f > “;)‘L — 7y and L < T%\

The optimal value function V coincides with V. It is characterized by three regimes:

13This assumes implicitly that Zo < L, so that V(2 — L) = 0 in the no-insurance region. This will be
checked in Proposition 4.

18



e 0 <z < Iy (no insurance regime):

() =0, V(z)=A [eéﬂ - e‘)w] , (31)

i*(z) =1, V(x)= Be"* + Ce™”, (32)

Proof: See the Appendix. o

Proposition 5 shows that insurance is bought when the firm is cash-rich (z > Z;) and
losses are not too high (L < HL)\) The properties of the value function corresponding to

optimal policy when L < ;_% are summarized in the following figure:

Value of the firm Vi (2)
FB\T

/

V(x)

- Vo(x)

>

No insurance Y Insurance ~ ' Dividends Cash holdings x

Figure 2: The gains from insurance: The value V (x)
of the firm that insures optimally compared with
the value Vy(x) of the firm that does not insure, and
the first best value Vpp(z).

The gains from insurance can be measured by the difference between the cost of fi-

nancial frictions without and with insurance. The same is true for hedging.

MThe region x > T is never attained for ¢ > 0, since x = T is a reflecting barrier.
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For completeness, let us examine the case L > ;_% We show that in that case, the
firm should not insure at all (i.e., ¢ = 0). The optimal value function when issuance costs
are high has the same form as in the benchmark case. Hence we see that it is not optimal

for shareholders to insure large risks when external financing is costly, even if insurance

is fairly priced.

According to Jeanblanc and Shiryaev (1995), there is a unique pair (V, &) solution

to the following boundary problem:

%2‘70” +N‘7()l~_ (r+ MV = 0 for z < 7
Vo(0) =0,V (%) = 1 and V (Zg) = 0

The function V; and the threshold #, are explicit and given by

oot _ iz <7
Vo(z) = { 0269270 —f %170 for z < o
_ 5 7 ~

T —To+ A5 for x > Iy,

where
1 62
T 0 In ~—1 .
03

00

(33)

The next proposition states that the value function V coincides with Vj for large

potential losses L and large issuance cost f. More precisely, we have:

Proposition 6 When L > HL)\ and f > T%\ — Xy, the optimal strategy is never to insure

(1* = 0) and the value function is given by V. Consequently:

The firm retains all cash up the threshold Ty and distributes all cash above Ty.

The firm never issues new equity.

The firm does not buy any insurance.

The firm defaults if either there is an accident or it runs out of cash.

Proof: See the Appendix. o
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4 Robustness Checks
4.1 Small Issuance Cost

When the issuance cost is small, the solution is qualitatively similar but more complex
to characterize. Nevertheless, when the losses are large the characterization of the share-
holders value function follows from Proposition 6. More precisely, if f < r%\ — Zo where
To is given by Equation(33), we can adapt the proof of Proposition 1 to show that there

is a unique solution (f/l, Z1) to the free boundary problem:

%2‘71”+M~‘~/1l—(7"+)\)\71 :~Of0r:p§j1 i
CA(0) = Vo) — 1 — £ (50) = 1 and W (1) =0 (34
Vi(z) = max(0,z + V4(0)) for x < 0

The next proposition states that the shareholder value function V' coincides with V; for

large losses L and small issuance cost f. More precisely, we have,

Proposition 7 Assume that L > L5 and f < 25 — 3. Then, we have V. = Vi.

Consequently,

The firm retains all cash up to some threshold T, and distributes all cash above T1.

Whenever the firm runs out of cash (x = 0) it issues new equity for an amount

1+ f.

The firm does not buy any insurance.

The firm defaults if and only if there is an accident.

Proof: Proposition 7 is a straightforward consequence of Propositions 3, 6 and Lemma

1. o

4.2 Remuneration of Cash Holdings

In this section, we assume that cash reserves are remunerated, that is o > 0. Our focus

is on the impact on risk management policies when the issuance cost f is large. We
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prove that the results of Proposition 5 are robust. More precisely, the optimal policy
is characterized by complete hedging h*(z) = 1 and a bang-bang insurance strategy
depending on the level of cash reserves, similar to that of Proposition 5. The idea again
consists in building a smooth solution (V) zg, x1) to the following free boundary problem

$0?V" () 4+ (p+ rox)V'(x) — (r+ A\)V(z) =0 for 0 < z < x

202V () 4 (n — AL + roz)V'(z) — rV(z) =0 for zp < z < x4

V(©0)=0 V'(x;)=1, V'(z;)=0.
and applying the verification theorem (Theorem 2 in the appendix).
By standard results, we know that there is a unique solution H of the second order
equation

1

5021-_7”(37) +(u+rox)H' (z) — (r+ N)H(z) =0

that satisfies the initial conditions H(0) = 0 H’(0) = 1. Our candidate solution V'

satisfies V(z) = V'(0). H(x) for 0 < 2 < xy, where x satisfies V (z¢) = LV'(z0) (since V

is assumed to be smooth) or equivalently H(z) = LH'(x).

Let z = inf{x > 0, , H"(z) > 0}. It is easy to see that z is finite and that H is concave
n (0,z). Now, two cases have to be considered.

04
1. L > “—TH .

In that case, it is easy to see that the function 6(z) = H(x) — LH'(z) is increas-
ing with 6(z) = H(z) — LH'(z) < 0. Therefore 6 is negative also on (0, z). the

shareholder value function satisfies

Viz) = H,Z)for0<a:<z
x—z+“+ﬁ\z for z > 2.

The optimal policy is to not buy any insurance and to accumulate cash up to

threshold z.

—+roz
2. L < ”—TH .

In that case, there is some g < z such that 0(zy) = 0. Now, for z > xg, the

shareholder value function V satisfies

V(z) = V(0)H'(xo) (LKo(x — x0) + K1(z — x0)),
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where Ky and K; are the fundamental solutions of the second order ODE:

1
EUQK"(x) + (u+rox — AL)K'(z) —rV(z) =0,

i.e. the solutions that satisfy the initial conditions: Ky(0) = 1,K((0) = 0,K,(0) =0
and K7(0) = 1. It is easy to see that the function ¢(y) = LKy(y) + K1(y) admits
an inflection point 21, in 0, z. Thus ¢” < 0 on (0, z;) while ¢” > 0 on (21, z).Setting

r1 = xo + 21, we get the optimal solution as

#for0<m<mg
)

V(z) = —“D(z(

x—xl—i—’”rroxl for z > x;.

for o <z < a1

In that case, the optimal policy is to insure whenever x > xy and to accumulate cash
up to x;. This is the same qualitative pattern as the solution characterized in Proposition

5.

4.3 Costly Hedging

We assume in this section that 7, the cost of hedging is positive, but not too large, and
by contrast that the cost of issuing new equity is large. In this case, the dynamics of cash
reserves is given by

dX, = (p+reX; — %whht — ALiy)dt + (1 — hy)ogdW}[ — L(1 —i,)dP, — dZ,.
As in the previous section, we can associate to this dynamics of cash reserves the linear
operator given by

2

A(h,i)U (z) = %(02+(1—h)2012%) P @)+t roa— S h=ALi) f (@) =1 f=A(f (@) = f (2 =L)).

Proposition 8 If m, <

2
05—7—1;2 then there exists a concave twice differentiable solution
R

(V, &0, 1) of the free boundary problem



Proof: See the appendix. o

This allows to characterize the shareholder value function when hedging is costly but not

too large.

2 o
Proposition 9 If 1, < Ufi’;% and L > % (where T is given by Proposition 8) then

the shareholder value function coincides with V. Therefore the optimal solution is such

that the firm only hedges when cash reserves are low:

Proof: See the Appendix. o

It is interesting to notice the different impacts of cash holdings on insurance and
hedging: in fact they are poles apart! Proposition 9 establishes that cash rich firms
should not hedge when hedging is costly (7, > 0). By contrast,Proposition 5 shows that
cash poor firms should not insure (of course from the perspective of shareholders, not that

of society as a whole).

5 Estimating the Gains from Risk Management

In our model, risk management allows to reduce the cost of financial frictions. The cost
of these frictions can be proxied by the target level of cash that is needed to attain before
distributing dividends. Consider for example the gains from hedging, in a situation where
insurance is not available. When hedging is costless, the firm will always hedge fully.
This comes from the concavity of the shareholder value function. Then if issuing costs
are large, the gains from hedging can be immediately obtained from Proposition 2, by

looking at how much z* is reduced when volatility is reduced from % + 0% to 2.

Let us recall the formula giving x*:

. 1 07
Xz In @

)
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where #; < 0 < 0y are the roots of the quadratic equation
1
r4+ A= pl+ 5(02 + 0%)6%.

When hedging is costless (and insurance is impossible or too costly) the target cash level
is given by the same formulas, the only difference being that o2 + ¢% is replaced by o?.
It is therefore legitimate to define a function z*(u, 0?) by the two conditions above. The

next proposition shows how z* varies with p and o?.

Proposition 10 : The cost of financial frictions x* is a single peaked function of j, and

an increasing function of o*.

The following figures represent the cost of financial frictions x* as a function of p and

o?. Note that z* is bounded above by &.

T* x*

A A

RRIS

2=

- 1

Y
Q

Figure 3: The cost of financial frictions
as a function of x4 and o2

Maybe the most striking of these properties is the non-monotonicity of z* with respect
to p, which measures the net profitability of the firm. Highly profitable firms are not
really affected by financial frictions because their probability of financial distress is small.
Conversely, barely profitable firms have little to lose from failure. It is the intermediate

firms that are hurt the most by the risk of default.
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6 Conclusion: Who Should Hedge?

This paper has derived the optimal hedging and insurance policies of a firm that faces
cash flow risks. We have found that these policies are more complex than expected. In
particular they exhibit non linearities and even non monotonic behavior with respect to
variables of interest, such as liquidity and profitability. Further empirical work on this

topic should therefore adopt specifications that account for these non linearities.

We can also derive from our model several testable implications about which firms are
more likely to hedge,'> in the hope to shed light on the mixed findings of the empirical
literature. We found in Proposition 9 that, provided a firm has decided to use hedging
instruments optimally, it will tend to buy hedging (h = 1) when it is cash-poor (z < Z)
and not hedge (h = 0) when it is cash-rich (z > Zy). Consider now the prior decision to
create, within the firm, a risk management unit and to hire the personnel able to manage
the hedging position of the firm according to the instructions given by top management.
This decision is optimal if the gains from hedging exceed the cost of creating this risk

management unit.

An empirical economist who has collected panel data on the balance sheets of a given
population of firms could estimate the parameters of our model such as expected prof-
itability p, and volatility of earnings 2. Our model predicts that the probability that
a firm creates a risk management unit (or participates in the derivatives market) is an
increasing function of the gain from hedging, measured by the reduction in the costs of
financial frictions obtained by hedging. When insurance is not available we saw that this

gain could be measured by:
Go = 2" (u,0° + 0f) — 2" (1, 07), (35)

We already saw that z* was an increasing, concave, function of 2. Thus we deduce

immediately from formula (35) that:

0G

oGy _ oG
do?,

0 d —
an 952

< 0.

B For simplicity, we focus on the hedging decision, since the formulas for the gains from insurance are
more complex.
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This means that the gain from hedging increases with the volatility 0% of the hedgeable
risk and decreases with the volatility o2 of the “operating” risk. More interestingly, the

impact of y is non monotonic, as illustrated by Figure 4:
Go

A

Y
=

Figure 4: The gain from hedging as a function of profitability pu.

Thus profitability has a non monotonic (and highly non linear) impact on the gains
from hedging. This may explain why empirical studies that use linear specifications have
failed to derive any significant impact of profitability on the likelihood that a firm decides
to hedge.
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Appendix

Theorem 1 Assume that a function U satisfies the following quasi-variational inequali-

ties on (0, 00)

and

U(x) > max(0, MU (x))  for x <0.

then U > V.

Proof of Theorem 1: The proof is an immediate adaptation of Oksendal and Sulem

(2005), Theorem 5.2 part a) page 75.

Proof of Proposition 2: Using Theorem 1, it is enough to check that for every z > 0,
AVo(x) <0,

and

Vo(z) > MVy(z) :x—I—HL/\—xS—f.

This will establish that V5 > V. Now, Vy(x) —x > 0 for every z > 0 and TJ%\ —xi—f <0
by assumption, it is thus straightforward that Vi > MVj.

Since xf < L and Vp(x) = 0 for x < 0, we have AVy(z) = 0 for 0 < 2 < zf. Now, for
x > xj, we have

AVo(x) = —(r + X)(x — z5) + AVo(x — L).

This is clearly negative when x§ < x < L (this is because Vy(x — L) is then equal to 0).

But, for any # > L, one has Vo(z — L) <2 — L — a5 + ;2. Thus,

x B e _Hr
A%(:p)g(r+)\)(a¢—m0)+)\(x L x0+r+>\> r(z xO)—I—)\(T—I—)\ L)<0.
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This ends the proof that V5 > V. Finally, the value function V; is attainable (since it
corresponds to the admissible policy: pay dividends whenever cash reserves exceed xf, the

converse inequality (V' > V4) comes directly from the definition of the value function V.

Proceeding as in the proof of Proposition 2, we now establish Proposition 3 thanks to

the following verification theorem.

Theorem 2 Consider any function U that satisfies the following quasi-variational in-

equalities on (0, 00)

and

U(x) > max(0, MU(0)) for x <O0.

then U > V.

Proof of Theorem 2: It is an easy adaptation of Oksendal and Sulem (2005) Theorem
6.2 part a) page 83.

Proof of Proposition 3: We first prove that AV;(z) = 0 for 0 < z < 7. To see this,

note first that Vi(z — L) = 0 for every 0 < z < z7. Indeed, since V] is concave, one has
Vi(0) < Vi(ah) — 27V (7).

Since V1(0) > 0 and V/(z}) = 1, this implies:

* * M
<V = < L.
zy < Vi(z}) r
Thus, x — L <0 for every 0 < x < 27 and
* 1%
I < _
. = A r+ A
= —f=V(0).

31



This implies
x— L < —=V1(0).

Therefore, Vi(z — L) = max(0,2 — L + V31(0)) = 0 for every 0 < x < z7}, which implies
AVi(z) =0 for 0 < z < z}. Now, for z > z, we have

AVi(z) = =(r + X)(x — z5) + AVi(x — L).

But, for every z > 0, one has Vy(z) <z — 27 + ;& Thus,

1
r+ A

AVi(x) < —r(x —27) + A( —L)<0.

The fact that Vi(z) > MVi(x) = x + V1(0) for every z > 0 results directly from the fact

that 1 is concave on (0,00) and V; > 1. This establishes that 1V}, > V.

Finally the value function V; corresponds to an admissible policy. The reverse inequal-

ity (V > V}) comes from the definition of the value function V.

Proof of Lemma 1: Define an auxiliary function:

2 —01x _ pn2,—6sx
Ose Oie

0102(62 — 61)

fo

olr)=z+ REY

It is straightforward to see that ¢ is a decreasing'® function with p(0) = f > 0 and

¢(+00) = —oo. Therefore there is an unique x7 such that ¢(z7) = 0. Moreover (11)
implies that p(zf) = x5+ f — ;& which is negative. Thus z7 <z and 27 + f — 25 < 0.
|

Proof of Proposition 4:. The resolution of the free boundary problem (26) yielding to
Equations (29) and (30) is straightforward. Note that formula (30) shows that:

71> T & (1= L) > 731 — ).

Since 7; < 0 < 75 this is equivalent to

<71+’Y2_M—>\L

Y172 T

L

Y

16T see this, note that ¢’ is decreasing (since " (x) = 922_951 (e=017 — e=%27) < () and ¢'(0) = 0.
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which is guaranteed by our assumption g > (r + A)L. This assumption also implies

that 0y < % and 7, < %,

so that formulas (29) and (30) are well defined. We only
check the first condition, the second being similar. 5 is by definition the largest root of

»(0) = pub + "2292 — (r+A). It is immediate that > (r + X)L implies that ¢ (1) > 0 and

thus that 6, < 1/L.

The last thing that has to be checked is that the threshold zy is lower than L. Given

Equation (29), this is equivalent to show that
In(1 — LO,) — (1 — Lf,) <In(1 — L) — (1 — Lby).

Now, the assumption on L implies that ; < 0 < 8, < % We conclude by remarking that
the function
F(z) =In(l — Lz) — (1 — Lx)

is increasing on (—oo, 1).

Proof of Proposition 5: First, we check that the solution V to the free boundary
problem (26) satisfies the variational inequalities (2) and thus dominates the shareholder
value function. By construction, the function V satisfies max; D(i)V (z) < 0 and V' > 1.
We just have to check that V(x) > MV (z) for x > 0 since by construction V(x) =

max(0, MV (0)) for z < 0. Because V' > 1,

V() = V(0)+ / V() dy

Proof of Proposition 6: The proof is similar to that of Proposition 2. The only thing

we have to check is that D(1)Vy(z) < 0 for every > 0. First, for > &, one has
D(1)Vo(x) = —(r+ A)(z — Zp) — AL < 0.

On the other hand, on the interval (0, Zg), one has

DMVo(z) = DM)Vo(x) — D(0)Vo(x)



Finally, note that the function D(1)Vj(z) is increasing on (0, %) since Vj is concave and

D(1)Th(F) = 25 — L <0.
Proof of Proposition 8: Let Hy and H; be the solutions of the ordinary differential
equation A(1,0)H (z) = 0 with initial conditions
Hy(0) =1, Hj(0) =0, H;(0) =0, H{(0) = 1.
The condition V(0) = 0 implies that V(z) = V'(0)Hy(z) for # < o where z, satisfies
H{(x) + 7 H'(z0) = 0.

Under the assumption 7, < 021—’22, the function 6(z) = H{(z)+m, H'(x) vanishes at some
R

point Zo lower than the inflection point of H;.

Let Ky and K, be the solutions of the ordinary differential equation A(0,0)f(zo+y) =0

with initial conditions
Ko(0) =1, K}(0) =0, K;(0) =0, K{(0) = 1.
For x > x(, we have

V() = V/(0) H; (#0) (Eo(x — &0) + Ki1(x — Z)),

p+rodo— ﬂTh (0240%)
r+A

with v = . By the same argument as in Section 4.2, it is straightforward

to prove that the function

o(y) = vKo(y) + Ki(y)

admits an inflection point z. Set Z; = 2y + z to conclude.

Proof of Proposition 9: As usual, we have to check that the solution V of the Propo-

sition 8 satisfies the verification theorem. By construction, we have V'’ (x) > 1 for every

~

x>0 and A(h,0)V(z) <0 for z < ;.

Now, for x > z1, we have

0.2

A(h,0)V(x) = AV(z = L) = h=ltm — Mz —21) = (r = 7o) (@ — i)

0.2

< MV@Q+£—L—$Q—mfm—A@—iﬂ—@—nMx—@)

+ 1ok o2 .
A (% —L) _hTRﬂ-h_ (r—ro)(x—xl)

IA

0,
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since [, > ktrofi
—  r+A

It remains to show that A(h, 1)V (z) < 0 for every = > 0 and every h. For z > &, we

directly have

while for x < 21,

A DV (z) = (A(h, )V (z) — A(h,0)V(2)) + A(h,0)V (x)

IA
I
—~
“D‘
=
<5
=
SN—
|
ES
VF
=
<>
—
S

IN

MV (z) — LV (z)).
But, the function V(z) — LV'(x) is clearly increasing on (0, &) and negative at ;. This
ends the proof.

Proof of Proposition 10: The cost of financial frictions is given by:

1 1 6? o? | [\/,uQ—I—ZraQ—I—,u
= n

= n——=
O — 01 03  2./u2+ 2ro2 w? +2ro? —p

2 (1, 0?)

x* is a continuous, positive function of p satisfying

lim z*(u,0%) = lim z*(u,0%) = 0.
[ (k,07) Jm (k,07)

A straightforward but tedious computation gives

orx* 9 9 oy _3 H 2 2
a—u(u,a)—a(u—l—%a) 2 | —pArgtanh \/ﬁ + 2+ 2ro?|

where Argtanh is the inverse function of the hyperbolic tangent function.

Thus %—f has the sign of

g(pn) = —pArgtanh <L> + /12 + 2ro2.

\/ 1?2 4 2ro?

But, ¢'(11) = —Argtanh (ﬁ) < 0, while g(0) = v2ro? and limy, ) g(pt) = —o0.

Therefore, g changes sign exactly once and z* is uniquely defined.
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Moreover, setting ¢t = % and a = 2, we get
o 1

1
(o) = f(t) = \/mArgtanh ( tj—a) :

We have f'(0) = —1 and f"(t) = —2Argtanh (, /t%a) Therefore,

3:1)* at ’
o2 = 9ozl 120
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