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Abstract

We propose a new estimation method for models defined by conditional moment

restrictions. Our method optimizes a criteion that resembles a statistic based on

smoothing techniques used for specification testing. Depending on whether the

smoothing parameter is fixed or decreases to zero with the sample size, our approach

defines a whole class of estimators. We show that consistency and asymptotic

normality follows in both cases. At a first-order, letting the smoothing parameter

tend to zero yields a semiparametric efficient estimator, and we provide a two-step

efficient version. We also investigate a dimension-reduction device in the context

of smooth GMM. While the resulting estimator does not attain the semiparametric

efficiency bound, its higher-order properties may be preferable.
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1 Introduction

Generalized Method of Moments (GMM) is an important and popular method that es-

timate parameters by matching at best population moment restrictions at the sample

level. Beginning with Hansen (1982), a large theoretical literature has been devoted to

derive its asymptotic properties, the form of the optimal instruments, see e.g. Hansen

(1985), and how to estimate them by nonparametric methods, see e.g. Robinson (1987)

and Newey (1993). Dominguez and Lobato (2004) have pointed out that in nonlinear

models an arbitrary finite number of instruments, and even the optimal ones, may fail

to globally identify the parameters of interest, so that the GMM estimator can be incon-

sistent, and provide some examples, see also Dominguez and Lobato (2007) for a CAPM

based example. The consistency issue is crucial, since classical GMM relies on a finite

number of unconditional moment restrictions., so that one can never be sure that the cho-

sen moment restrictions identify the parameter of interest. As many econometric models

involve conditional moment restrictions (CMR), or equivalently an infinite (countable or

uncountable) number of moment restrictions, recent research has focused on estimation of

such models. Carrasco and Florens (2000) proposed a generalization of GMM to a contin-

uum of moment conditions. Donald, Imbens, and Newey (2003) simultaneously studied

GMM and Empirical Likelihood (EL) with a number of moment conditions growing with

the sample size. Antoine, Bonnal, and Renault (2007), Kitamura, Tripathi, and Ahn

(2004), and Smith (2007) proposed different versions of Generalized EL (GEL). All these

authors derived estimators that attain under some assumptions the semiparametric effi-

ciency bound as established by Chamberlain (1987). All rely on a user-chosen parameter

that needs to converges to zero as the sample size increases, whether it is a regularization

parameter, as in Carrasco and Florens (2000), a bandwidth parameter, as in Antoine,

Bonnal, and Renault (2007), Kitamura, Tripathi, and Ahn (2004), and Smith (2007), or

the inverse of the number of series functions, as in Donald, Imbens, and Newey (2003).

This parameter can be interpreted as the inverse of the number of unconditional moment

restrictions taken into account in estimation. Dominguez and Lobato (2004) proposed the

first consistent estimator that does not require a user-chosen parameter, but still exploits

all conditional moment restrictions. To attain efficiency though, their first-step estimator

should be modified using a Newton-Raphson algorithm in the direction of the efficient

GMM estimator as proposed for instance by Newey (1993).

Our first main contribution is to propose a new class of parametric estimators in models
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defined by conditional moment restrictions that bridges the gap between Dominguez and

Lobato’s approach and the previous proposals. We propose a new GMM criterion that is

not based on empirical means over the sample as the usual one, but on local averaging,

in a manner similar to the GEL estimators referred to above. Our criterion resembles

the statistic based on smoothing techniques used in specification testing by Delgado,

Dominguez and Lavergne (2005), and so we labeled it as the smooth GMM criterion.

Our approach defines a whole class of estimators, some similar in spirit to Dominguez

and Lobato’s estimator when the smoothing parameter is fixed, while others are close

in spirit to previous proposals when the smoothing parameter decreases to zero as the

sample size increases. We show that consistency and asymptotic normality follows in

both cases. As argued above, this property has important empirical implications, since

in practice we can never set the smoothing parameter arbitrarily close to zero. We also

show that letting the smoothing parameter tend to zero yields a semiparametric efficient

estimator. This provides a rationale for effectively smoothing the GMM criterion. We

also provide a two-step version of our estimator that attains the semiparametric efficiency

bound. By contrast to the two-step estimators of Robinson (1987) and Newey (1993),

ours does not require estimation of conditional expectations of derivatives, because these

are automatically accounted for in estimation.

The use of a smoothing parameter yields a curse of dimensionality issue. It is well

known that sparsity of the date in high dimensional settings renders smoothing estimators

less accurate. Any semiparametric method that uses, explicitely or implicitely, smoothing

will then suffers from the same problem, see for instance Guerre and Lavergne (2002

and 2005) for the case of specification testing. Our second main contribution is thus to

investigate a dimension-reduction device, as proposed by Lavergne and Patilea (2006) for

regression checks, in the context of GMM estimation. We consider restrictions conditional

on single linear indices and then integrate over all possible indices. While the resulting

estimator cannot attain the semiparametric efficiency bound, its small sample properties

may be preferable. We make this intuition precise by studying an higher-order expansion

of our GMM estimator that resembles the one derived by Newey and Smith (2004) for

GMM and GEL based on a fixed number of unconditional moment restrictions. This

analysis sheds light on the implications of dimension-reduction.

The paper is organized as follows. In Section 2, we define the smooth GMM estimator,

we study its asymptotic properties, we propose a two-step efficient estimator, and we

provide a small sample study of its behavior. In Section 3, we introduce our dimension-
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reduction adaptation of smooth GMM estimators, we study its asymptotic properties and

we propose a two-step estimator that asymptotically has minimum variance in our class

of estimators. In Section 4, we study the higher-order properties of our smooth GMM

estimators, and we compare our two proposals by simulations.

2 Smooth GMM

2.1 The criterion

Let g(Z, θ) = (g(1)(Z, θ), ..., g(r)(Z, θ))′ be a r−vector valued function, r ≥ 1, with Z =

(Y ′, X ′)′ ∈ Rd+q, d ≥ 1, q ≥ 1, and θ ∈ Θ ⊂ Rp, p ≥ 1. Throughout our paper, we will

assume that for a unique θ0 ∈ Θ

E [g(Z, θ0)|X] = 0 a.s. (2.1)

Given an i.i.d. sample {Z1, . . . Zn} from Z, the smooth GMM criterion in its simpler form

writes
1

n(n− 1)

∑

1≤i6=j≤n

g′(Zi, θ)g(Zj, θ)Kij ,

where Kij =
1

hq
K

(
Xi −Xj

h

)
, 1 ≤ i 6= j ≤ n ,

with a multivariate kernel K(·). This is the test statistic introduced by Dominguez,

Delgado and Lavergne (2005), who themselves generalize the statistic of Zheng (1996)

and Li and Zhang (1996) for testing regression models. In the testing problem, h is a

smoothing parameter tending to zero when the sample size increases and the criterion has

limit

E [g′(Z, θ)E [g(Z, θ)|X] f(X)] = E [E [g′(Z, θ)|X]E [g(Z, θ)|X] f(X)] ,

where f(·) is the density of X. Hence, provided we have a consistent estimator for θ0,

the statistic can be used for testing the conditional moment restrictions (2.1). Here we

use the statistic mainly for estimation purposes and we thus do not assume the existence

of a preliminary consistent estimator. Since we may want to weigh and combine the

different components of g(·, θ) in a different manner, we introduce a sequence of non-

random matrices Wn(·) and we define a more general criterion as

Mn (θ) =
1

n(n− 1)

∑

1≤i 6=j≤n

g′(Zi, θ)W
−1/2
n (Xi)W

−1/2
n (Xj)g(Zj, θ)Kij .
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When h is fixed, our criterion resembles the one proposed by Dominguez and Lobato

(2004), which in the univariate case writes

1

n3

n∑

k=1

[
n∑

i=1

g(Zi, θ)I(Xi ≤ Xk)

]2

=
1

n2

n∑
i,j=1

g(Zi, θ)g(Zj, θ)

[
1

n

n∑

k=1

I(Xi ≤ Xk)I(Xj ≤ Xk)

]
.

Three main differences are readily seen. First there is no smoothing parameter to be

chosen. Second, the weight in the double sum depends on all observations of X, which

likely introduces more variability in estimation. Third, this weight actually depends on

the ranks of the observations i and j and varies from 1 to 1/n.

2.2 Consistency

Let us begin with the identifiability assumption of θ0.

Assumption 1 (i) The parameter space Θ is compact (ii) θ0 is the unique value in Θ

satisfying (2.1).

Under this assumption, we first study the consistency of

θ̃n = arg min
Θ

Mn(θ) ,

and show that it is consistent whether h is fixed or tends to zero. To understand why, let

us focus on EMn(θ) and assume Wn(X) is the identity matrix for simplicity. Denoting by

F [l] (·) the Fourier transform of the function l(·), we have

EMn (θ) = E
[
g′(Z1, θ)g(Z2, θ)h

−qK ((Xi −Xj)/h)
]

= (2π)−q/2 E
[
g′(Z1, θ)g(Z2, θ)

∫

Rq

exp (−it(X1 −X2))F [K] (ht) dt

]

= (2π)q/2
r∑

k=1

{∫

Rq

∣∣F [
E[g(k)(Z, θ)|X = ·]f(·)] (t)

∣∣2F [K] (ht) dt

}
, (2.2)

Hence, if F [K] (·) is strictly positive on Rq, EMn(θ) is positive and equals zero iff θ = θ0.

Indeed, using the unicity of the Fourier transform and Assumption 1,

EMn(θ) = 0 ⇔ F [
E[g(k)(Z, θ)|X = ·]f(·)] (t) = 0 ∀ t ∈ Rq, k = 1, . . . r

⇔ E[g(k)(Z, θ)|X]f(X) = 0 a.s., k = 1, . . . r ⇔ θ = θ0 .

Equation (2.2) sheds light on the fundamental reason why a consistent estimator obtains

whether h is fixed or tends to zero. The expectation of the GMM criterion indeed accounts
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for the Fourier transform of E [g(Z, θ)|X] on its whole domain, that is at all frequencies. A

sufficient condition for consistency is then the strict positivity of the Fourier transform of

K(·). It is fulfilled for instance by products of the triangular, normal, Laplace or Cauchy

densities, but also by more general kernels, including higher-order kernels taking negative

values.

It is then clear that θ̂n is consistent for θ0 provided supθ∈Θ |Mn(θ)−EMn (θ) | = oP(1).

This uniform convergence is easily obtained from a uniform law of large numbers for

U−processes. Let us then make the following assumptions.

Assumption 2 (i) For all n, Wn(·) is a sequence of r × r symmetric positive definite

non-random matrix function and there is a symmetric positive definite matrix function

W (·) such that supu ‖Wn(u)−W (u)‖. (ii) The families Gk = {W−1/2
n (·)g(·, θ) : θ ∈ Θ, n =

1, . . .}, 1 ≤ k ≤ r, are Euclidean for an envelope F with E‖F‖2 < ∞.

Here, the matrix norm ‖ · ‖ is the usual extension of the Euclidean norm.

Assumption 3 K(·) is a symmetric, squared-integrable, bounded function of bounded

variation with strictly positive Fourier transform. The integral of K(·) equals one.

The Euclidean property is a mild one for parametric families of functions. We refer to

Nolan and Pollard (1987), Pakes and Pollard (1989) and Sherman (1994) for the definition

and properties of Euclidean families. Symmetry of the kernel is not necessary here, but

will lead to simpler proofs later on.

Theorem 2.1 For an i.i.d. sample, under Assumptions 1–3, θ̃n
p−→ θ0 if nh2q →∞.

Proof. The family of functions {g′(Z1, θ)W
−1/2
n (X1)W

−1/2
n (X2)g(Z2, θ)K ((X1 −X2)

′β/h) :

θ ∈ Θ, β ∈ Sq, h > 0} is Euclidean for a square-integrable envelope by Assumptions 2

and 3, Lemma 22(ii) of Nolan and Pollard (1987) and Lemma 2.14(ii) of Pakes and Pol-

lard (1989). Then by Corollary 7 of Sherman (1994), supθ∈Θ |hqMn(θ) − EhqMn (θ) | =

OP(n
−1/2). Replacing g(Z, θ) by gn(Z, θ)

.
= W

−1/2
n (X)g(Z, θ) in (2.2) yields

EMn(θ) = 0 ⇔ F
[
E

[
g

(k)
n (Z, θ)|X = ·

]
f(·)

]
(tβ) = 0 ∀ t ∈ R, β ∈ Sq, k = 1, . . . r

⇔ W−1/2
n (X)E [g(Z, θ)|X] = 0 a.s. ⇔ θ = θ0 ,

as Wn(X) is positive definite. Consistency of θ̃n is thus guaranteed by standard arguments

whenever nh2q →∞.
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2.3 Asymptotic normality

Although asymptotic normality could be shown using a general approach, see e.g. Sher-

man (1993), we follow a classical one based on the first-order condition, because it will

prove useful for further developments.

Assumption 4 There is a symmetric positive definite matrix function W (·) such that

supu ‖Wn(u)−W (u)‖ → 0.

Assumption 5 (i) θ0 belongs to the interior of Θ. (ii) g(Z, θ) is twice continuously

differentiable with respect to θ in a neighborhood N of θ0. (i) W−1/2(X)E [g(Z, θ)|X] and

W−1/2(X)E [∇′
θg(Z, θ)|X] are bounded uniformly in norm over N by a function l(X) such

that E‖l(X)‖2+ν < ϕ for some ν > 0. The elements of E
[
Hθ

(
W−1/2(X)g(k))(Z, θ)

) |X]
,

k = 1, . . . r, are bounded uniformly over N by a integrable function.

Here ∇θg(Z, θ) = ∂g(Z,θ)
∂θ

and Hθ respectively denote the gradient and hessian operators

with respect to θ, and the norm ‖ · ‖ is the Euclidean matrix norm.

Theorem 2.2 For an i.i.d. sample, under Assumptions 1–5,
√

n
(
θ̃n − θ0

)
d−→N

(
0, Σ̃

)

whether (a) h → 0, nh2p →∞, and

V = E
[
E [∇θg(Z, θ0)|X] W−1(X)E [∇′

θ′g(Z, θ0)|X] f(X)
]

is non-singular, in which case Σ̃ = Σ̃0 = V −1∆V −1 with

∆ = E
[
E [∇θg(Z, θ0)|X] W−1(X)Var [g(Z, θ0)|X] W−1(X)E [∇′

θg(Z, θ0)|X] f 2(X)
]

;

or (b) h = 1 and

V = E
[
E [∇θg(Z1, θ0)|X1] W

−1/2(X1)W
−1/2(X2)E [∇′

θg(Z2, θ0)|X2] K (X1 −X2)
]

is non-singular, in which case Σ̃ = Σ̃1 = V −1∆V −1 with

∆ = E
[
E [∇θg(Z1, θ0)|X1] W

−1/2(X1)W
−1/2(X2)Var [g(Z2, θ0)|X2] W

−1/2(X2)

W−1/2(X3)E [∇′
θg(Z3, θ0)|X3] K (X1 −X2) K (X2 −X3)

]
;

Proof. Denote gn(Z, θ)
.
= W

−1/2
n (X)g(Z, θ), Gn(X, θ)

.
= E [∇′

θgn(Z, θ)|X], Ωn(X, θ)
.
=

Var [gn(Z, θ)|X], G(X, θ) and Ω(X, θ) their respective limits. From the first-order condi-

tion, ∇θMn (θ0) = −HθMn

(
θ̄
) (

θ̃n − θ0

)
, where ‖θ̄−θ0‖ ≤ ‖θ̃n−θ0‖. Hoeffding’s decom-

position of U -statistics and the central limit theorem yield
√

n∇θMn (θ0)
d−→N (0, 4∆),
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where ∆ = limn→∞ ∆n with

∆n =
n

4
E [∇θMn (θ0)∇′

θMn (θ0)] =
∆1n

(n− 1)
+

(n− 2)

(n− 1)
∆2n

=
1

(n− 1)
E [G′

n(X1, θ0)Ωn(X2, θ0)Gn(X1, θ0)K12K21]

+
(n− 2)

(n− 1)
E [G′

n(X1, θ0)Ωn(X2, θ0)Gn(X3, θ0)K12K23] .

Recall that

HθMn (θ) =
2

n(n− 1)

∑

i6=j

(
∇′

θgn(Zi, θ)∇θg
′
n(Zj, θ) +

r∑

k=1

Hθg
(k)
n (Zi, θ)gn(Zj, θ)

)
Kij .

(a) If h tends to zero, then using Fourier transforms and the convolution law,

∆2n = E [G′
n(X1, θ0)Ωn(X2, θ0)Gn(X3, θ0)K12K23]

= (2π)−q E [G′
n(X1, θ0)Ωn(X2, θ0)Gn(X3, θ0)∫ ∫

exp (−it (X1 −X2)) exp (−iu (X2 −X3))F [K] (ht)F [K] (hu) dt du

]

= (2π)q/2

∫ ∫
F [G′

nf(·, θ0)] (−t)F [Ωnf(·, θ0)] (t− u)

F [Gnf(·, θ0)] (u)F [K] (ht)F [K] (hu) dt du

→ (2π)−q/2

∫ ∫
F [G′f(·, θ0)] (−t)F [Ωf(·, θ0)] (t− u)F [Gf(·, θ0)] (u) dt du

= (2π)q/2F [G′fΩfGf(·, θ0)] (0) = E
[
G(X, θ0)Ω(X, θ0)G

′(X, θ0)f
2(X)

]
= ∆ .

Moreover, by the uniform law of large numbers and the consistency of θ̃n, HθMn (θ)
p−→ 2V .

Last,

hq∆1n = E
[∇′

θgn(Z1, θ0)gn(Z2, θ)g
′
n(Z2, θ)∇′

θgn(Z1, θ0)h
−qK2 ((X1 −X2)/h)

]
,

which tends to a finite limit using the same arguments as for ∆2n.

(b) If h = 1, then ∆1n tends to some finite limit, and HθMn

(
θ̄
) p−→ 2V as above, so

that Σ is the one given in the Theorem.

2.4 Efficiency

We are now ready to study the variances of the different estimators.

Theorem 2.3 Under the assumptions of Theorem 2.1
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(a) The semiparametric efficiency bound

{
E

[
E[∇θg(Z, θ0)|X]Var−1[g(Z, θ0)|X]E[∇′

θg(Z, θ0)|X]
]}−1

is attained by θ̃n in Case (b) when W−1(X) = Var [g(Z, θ0)|X] f(X).

(b) The semiparametric efficiency bound is attained by θ̃n in Case (a) only if it exists a

matrix W (·) such that

E[∇′
θg(Z2, θ0)|X2]

= Var [g(Z2, θ0)|X2] W
−1/2(X2)E

[
W−1/2(X1)∇′

θg(Z1, θ0)K (X1 −X2) |X2

]
∆−1V .

Proof. Part (a) is immediate. The proof of Part (b) relies on the following lemma, which

is a generalization of Tripathi (1999).

Lemma 2.1 Let A ∈ Rn×p and B ∈ Rn×q be random matrices such that E‖A‖2 < ∞,

E‖B‖2 < ∞, and E (A′A) is non-singular. Then E (B′B)− E (B′A)E−1 (A′A)E (A′B) is

positive semidefinite, with equality iff B = AE−1 (A′A)E (A′B).

To prove the lemma, consider Λ = E−1 (A′A)E (A′B) ∈ Rp×q. Then

E
[
(B − AΛ)′ (B − AΛ)

]
= E (B′B)− E (B′A)E−1 (A′A)E (A′B)

is positive semidefinite by definition, and is zero only when B = AΛ.

To prove (ii), take B = Var−1/2[g(Z, θ0)|X]E[∇′
θg(Z, θ0)|X] and

A = Var1/2 [g(Z, θ0)|X] W−1/2(X)E
[
W−1/2(X1)∇′

θg(Z1, θ0)K (X1 −X) |X]
.

This choice gives the semiparametric efficiency bound as E−1(B′B), and the bound is

attained for B = AΛ where Λ = ∆−1V .

We now propose a two-step estimator that attains the efficiency bound.

3 Dimension reduction

3.1 The principle

Since the dimension of X may adversely affect the properties of the estimator, we propose

here another GMM criterion that aims to address this issue. To reduce the dimensionality

of the problem, we use the following result, which states that constancy of a conditional

expectation on X is equivalent to constancy of all expectations conditional on linear

indices of X. A proof is found in Lavergne and Patilea (2007), but the result can also be

deduced from Theorem 1 of Bierens (1982).
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Lemma 3.1 Let X ∈ Rq and U ∈ Rc be random vectors, with E‖U‖ < ∞.

E(U | X) = E(U) a.s. ⇐⇒ E(U | X ′β) = E(U) a.s. ∀β ∈ Rq : ‖β‖ = 1.

This result is used among others by Bierens (1982), Bierens and Ploberger (1997), Escan-

ciano (2006), and Lavergne and Patilea (2006, 2007) to build consistent tests of parametric

regression functions. As a straightforward consequence, we obtain the following corollary.

Corollary 3.2 Consider random vectors X ∈ Rq and U(θ) ∈ Rc depending on a param-

eter θ ∈ Θ, such that E‖U(θ)‖ < ∞ for all θ. Suppose that fβ(X ′β), the density of

X ′β, exists for all β of norm unity and that E [U(θ)|X ′β] fβ(X ′β) exists and is squared-

integrable. Then E(U(θ) | X) = 0 a.s. is equivalent to
∫

Sq

E [U ′(θ)E (U(θ)|X ′β) fβ(X ′β)] dβ = 0 , (3.3)

where Sq is the hypersphere of radius one and dβ is the uniform measure on Sq.

The statement remains true if U(θ) is replaced by W−1/2(X ′β)U(θ) for any matrix

function W (·) defined on the support of X ′β such that W (X ′β) is symmetric definite

positive for all X ′β.

Proof. The implication is immediate. Conversely if (3.3) holds, this implies

E [U ′(θ)E (U(θ)|X ′β) fβ(X ′β)]

= E [E (U ′(θ)|X ′β)E (U(θ)|X ′β) fβ(X ′β)] = 0 a.s. ∀β ∈ Sq

⇔ E (U ′(θ)|X ′β)E (U(θ)|X ′β) fβ(X ′β) = 0 a.s. ∀β ∈ Sq

⇔ E (U(θ)|X ′β) = 0 a.s. ∀β ∈ Sq

⇔ E (U(θ)|X) = 0 a.s.

by Lemma 3.1.

For a moment, let us choose a single direction β and look for θ0 that fulfills

E [g(Z, θ0)|X ′β] = 0, a.s.

An immediate modification of Mn(θ) yields

1

n(n− 1)

∑

1≤i 6=j≤n

g′(Zi, θ)W
−1/2
n (X ′

iβ)W−1/2
n (X ′

jβ)g(Zj, θ)
1

h
K

(
(Xi −Xj)

′β
h

)

as a criterion to minimize, where K(·) is now a univariate kernel. Now integrate on the

hypersphere to get

Qn (θ) =
1

n(n− 1)

∑

1≤i6=j≤n

ESq

[
g′(Zi, θ)W

−1/2
n (X ′

iβ)W−1/2
n (X ′

jβ)g(Zj, θ)Kijβ

]
, (3.4)
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where ESqh(β) =

∫

Sq

h(β) dβ and Kijβ =
1

h
K

(
(Xi −Xj)

′β
h

)
, 1 ≤ i 6= j ≤ n .

3.2 Consistency

The analysis of the consistency of θ̂n = arg minΘ Qn(θ) is similar the one of θ̃n. That

consistency requires weaker the weaker restriction nh2 → ∞ is a first illustration of the

consequences of dimension-reduction.

Theorem 3.3 For an i.i.d. sample, under Assumptions 1–3, θ̂n
p−→ θ0 if nh2 →∞.

Proof. The proof follows the same lines as Theorem 2.1’s proof, modifying (2.2) by

letting gnβ(X ′β, θ)
.
= E [g(Z, θ)|X ′β] W

−1/2
n (X ′β) to obtain

EQn (θ) = E
{
ESq

[
g′nβ(X ′

iβ, θ)gnβ(X ′
jβ, θ)Kijβ

]}

= (2π)−1/2 ESq

{
E

[
g′nβ(X ′

1β, θ)gnβ(X ′
2β, θ)h−1

∫
exp (−it(X1 −X2)

′β)F [K] (ht) dt

]}

= (2π)1/2 ESq

r∑

k=1

{∫ ∣∣∣F
[
g

(k)
nβ (X ′β, θ)fβ(·)

]
(t)

∣∣∣
2

F [K] (ht) dt

}
.

3.3 Asymptotic normality

The following assumption replaces Assumption 5 in the forthcoming result.

Assumption 5’ (i) θ0 belongs to the interior of Θ. (ii) g(Z, θ) is twice continuously

differentiable with respect to θ in a neighborhood N of θ0. (i) W−1/2(X ′β)E [g(Z, θ)|X ′β]

and W−1/2(X ′β)E [∇′
θg(Z, θ)|X ′β] are bounded uniformly in norm over N and Sq by a

function l(X ′β) such that E‖l(X ′β)‖2+ν < ϕ for some ν > 0 and for all β ∈ Sq. The

elements of E
[
Hθ

(
W−1/2(X ′β)g(k)(Z, θ)

) |X ′β
]
, k = 1, . . . r, are bounded uniformly over

N and Sq by a integrable function.

Theorem 3.4 For an i.i.d. sample, under Assumptions 1–5’,
√

n
(
θ̂n − θ0

)
d−→N (0, Σ)

whether (a) h → 0, nh2 →∞, and

V = ESq

{
E

[
E [∇′

θg(Z, θ0)|X ′β] W−1(X ′β)E [∇θg(Z, θ0)|X ′β] fβ(X ′β)
]}

is non-singular, in which case Σ = Σ0 = V −1∆V −1, where

∆ = ESq

{
E

[
E [∇′

θg(Z, θ0)|X ′β] W−1(X ′β)Var [g(Z, θ0)|X ′β]

W−1(X ′β)E [∇θg(Z, θ0)|X ′β] f 2
β(X ′β)

]}
;
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or (b) h = 1 and

V = ESq

{
E

[
E [∇′

θg(Z1, θ0)|X ′
1β] W−1/2(X ′

1β)

W−1/2(X ′
2β)E [∇θg(Z2, θ0)|X ′

2β] K ((X1 −X2)
′β)

]}

is non-singular, in which case Σ = Σ1 = V −1∆V −1, where

∆ = ESqESq

{
E

[
E [∇′

θg(Z1, θ0)|X ′
1β] W−1/2(X ′

1β)W−1/2(X ′
2β)Var [g(Z2, θ0)|X ′

2β, X ′
2α]

W−1/2(X ′
2α)W−1/2(X ′

3α)E [∇θg(Z3, θ0)|X ′
3α] K ((X1 −X2)

′β) K ((X2 −X3)
′α)

]}
;

Proof. The proof follows Theorem 2.2’s lines with the following differences. Denote

Gnβ(X ′β, θ)
.
= ∇′

θgnβ(X ′β, θ), Ωnβα(X ′β,X ′α, θ)
.
= E [gnβ(X ′β, θ)g′nα(X ′α, θ)|X ′β,X ′α],

Gβ(X ′β, θ) and Ωβ,α(X ′β, X ′α, θ) their respective limits, and fβα(X ′β, X ′α) the joint

density of (X ′β, X ′α). We have

HθQn (θ) =
2

n(n− 1)

∑

i6=j

ESq

{(∇θg
′
nβ(Zi, θ)∇θg

′
nβ(Zj, θ)

+
r∑

k=1

Hθg
(k)
nβ (Zi, θ)gnβ(Zj, θ)

)
Kijβ

}

and ∆n =
n

4
E [∇θQn (θ0)∇θ′Qn (θ0)] =

∆1n

(n− 1)
+

(n− 2)

(n− 1)
∆2n

=
1

(n− 1)
ESqESq

{
E

[∇θg
′
nβ(Z1, θ0)gnβ(Z2, θ)g

′
nα(Z2, θ)∇′

θgnα(Z1, θ0)K12βK21α

]}

+
(n− 2)

(n− 1)
ESqESq

{
E

[∇θg
′
nβ(Z1, θ0)gnβ(Z2, θ)g

′
nα(Z2, θ)∇′

θgnα(Z3, θ0)K12βK23α

]}
.

(a) If h → 0, then using Fourier transforms and the convolution law,

∆2n = ESqESq {E [Gnβ(X ′
1β, θ0)Ωnβα(X ′

2β,X ′
2α, θ0)G

′
nα(X ′

3α, θ0)K12βK23α]}
= (2π)ESqESq

{∫ ∫
[F [Gnβfβ(·, θ0)] (−t)F [Ωnβαfβα(·, ·, θ0)] (t,−u)

F [G′
nαfα(·, θ0)] (u)F [K] (ht)F [K] (hu) dt du]}

→ ESqESq

{∫ ∫
[F [Gβfβ(·, θ0)] (−t)F [Ωβαfβα(·, ·, θ0)] (t,−u)

F [G′
αfα(·, θ0)] (u) dt du]}

= ESqESq {F [GβfβΩβαfβαG′
αfα(·, ·, θ0)] (0, 0)}

= ESqESq {E [Gβ(X ′β, θ0)fβ(X ′β)Ωβ,α(X ′β,X ′α, θ0)G
′
α(X ′α, θ0)fα(X ′α)]}

= ESq {E [Gβ(X ′β, θ0)fβ(X ′β)ESq [Ωβ,α(X ′β,X ′α, θ0)G
′
α(X ′α, θ0)fα(X ′α)]]}

= ESq

{
E

[
Gβ(X ′β, θ0)fβ(X ′β)Ωβ(X ′β, θ0)G

′
β(X ′β, θ0)fβ(X ′β)

]}
= ∆ ,
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where Ωβ(X ′β, θ) = Var
[
W−1/2(X ′β)g(Z, θ)|X ′β

]
. Similarly

HθQn (θ)
p−→ 2ESq

{
E

[
Gβ(X ′β, θ0)G

′
β(X ′β, θ0)fβ(X ′β)

]}
= 2V .

Last, by Cauchy-Schwarz,

0 ≤ h∆1n ≤ ESqESq

{
E

[∇′
θg(Z1, θ0)W

−1/2
n (X ′

1β)W−1/2
n (X ′

2β)g(Z2, θ)

g′(Z2, θ)W
−1/2
n (X ′

2β)W−1/2
n (X ′

1β)∇θg(Z1, θ0)h
−1K2 ((X1 −X2)

′β/h)
]}

,

which tends to a finite limit using the same arguments as for ∆2n.

(a) If h = 1, we obtain the desired result.

3.4 Efficiency

Theorem 3.5 Under the assumptions of Theorem 3.3,

(a) If h → 0, W−1(X ′β) = Var [g(Z, θ0)|X ′β] fβ(X ′β) yields the minimum possible asymp-

totic variance for θ̂n, which writes

{
ESq

(
E

[
E[∇θg

′(Z, θ0)|X ′β]Var−1[g(Z, θ0)|X ′β]E[∇′
θg(Z, θ0)|X ′β]

])}−1
.

(b) The bound in (a) is attained by θ̂n when h = 1 only if it exists a matrix W (·) such

that

E[∇′
θg(Z2, θ0)|X ′

2α] = Var1/2 [g(Z2, θ0)|X ′
2β, X ′

2α] W−1/2(X ′
2α)

E
[
W−1/2(X ′

1α)∇′
θg(Z1, θ0)K ((X1 −X2)

′α) |X ′
2β, X ′

2α
]
∆−1V .

Proof. Part (a) follows from Lemma 2.1 by choosing B = Var−1/2[g(Z, θ0)|X ′β]E[∇′
θg(Z, θ0)|X ′β]

and

A = Var1/2 [g(Z, θ0)|X ′β] W−1(X ′β)E [∇′
θg(Z, θ0)|X ′β] fβ(X ′β) .

Part (b) follows when B = Var−1/2[g(Z2, θ0)|X ′
2β, X ′

2α]E[∇′
θg(Z2, θ0)|X ′

2α] and A is

Var1/2 [g(Z2, θ0)|X ′
2β,X ′

2α] W−1/2(X ′
2α)E

[
W−1/2(X ′

1α)∇′
θg(Z1, θ0)K ((X1 −X2)

′α) |X ′
2β,X ′

2α
]

.

The bound is attained for B = AΛ where Λ = ∆−1V .
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