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Abstract

In this paper we entertain the hypothesis that observed variations in income
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tions represent a risk factor of first-order importance for the owners of capital and,
consequently, are a crucial determinant of the return to equity. When both risks are
calibrated to observations, this distribution risk dominates in importance the usual
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1 Introduction

In all developed economies, capital and labor income shares display persistent variations

over time. For the US (see Figure 1), the variability of the (log) wage share over the

postwar period is approximately 3.45% on an annual basis with a first-order autocorrela-

tion larger than .97. Such variations are incompatible with the hypothesis of Walrasian

labor markets, at least under standard assumptions on the aggregate technology.1

Figure 1: U.S. Labor Share 1959-2000
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Source: National Income and Product Accounts (NIPA) published by Bureau of Economic Analysis (BEA); US labor share is

defined as : Compensation of employees (deflated by consumption expenditures index) / Real GDP.

In this paper we entertain the hypothesis that the observed variations in income

shares are the result of infrequent changes in the balance of power between workers

and capital owners in labor relations. The overall context is one of non-competitive

labor markets where political (partially via taxes on labor and capital) and social forces

(notably via the action of trade unions) influence the sharing of value added between

capital and labor. We show that this view implies that income share variations represent

a risk factor of first-order importance for the owners of capital and, consequently, are a

crucial determinant of the return to equity. We demonstrate that, when both risks are

calibrated to observations (including the statistical properties of income shares), what

may be called distribution risk dominates in importance the usual systematic risk for

the pricing of financial assets.

We make our point in the standard, separable utility infinite-horizon, production

economy paradigm characteristic of many studies of macroeconomic and financial equi-

librium. Our economy is one with two classes of agents - shareholders and workers - where
1In this sense these variations falsify most existing business cycle models. We pursue a purely tech-

nological explanation for income share variations in Section 6.
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the allocation of resources conforms to the maximization of a social welfare function un-

der aggregate feasibility constraints. There are, however, two distinguishing features to

this economy. First, the welfare weights in the social welfare function are time-varying

and this risk is uninsurable. Second, there is limited financial market participation:

workers do not trade financial assets. Relative to a standard business cycle model, our

economy features an additional source of uncertainty, resulting in variations in the shares

of income going to capital and labor. Yet, the distribution of income risk in our economy

is period-by-period Pareto optimal. Our specific modeling of labor relations is borrowed

from Danthine and Donaldson (2002). The equivalent central planning formulation may,

however, be interpreted as summarizing a broader class of labor market arrangements.

We study the extent to which these considerations allow the model to replicate the

basic financial stylized facts. These include not only the mean equity and risk-free returns

(and thus the equity premium; cf. Mehra and Prescott (1985)), but also their respective

standard deviations and correlations with aggregate consumption growth. Everywhere

the standard Lucas (1978) asset pricing methodology is employed. As an added model

discipline, we also examine the extent to which the aggregate variations attendant to the

uncertainty in factor shares are consistent with the observed properties of the business

cycle.

The outline of the paper is as follows. Section 2 proposes a simple model of risk

sharing which gives rise to variation in factor shares. Section 3 reports the outcome of

numerically solving the model and displays the impact of distribution risk in an economy

with no other source of shocks. In Section 4 we add aggregate uncertainty. We show

that the financial properties of the model are, to a large extent, determined by the

characteristics of the income share shock while the macroeconomic properties follow

from the properties assumed for the aggregate technology shock. Section 5 discusses

the relative importance of various parameters. Section 6 contrasts our economy with

one where factor share variations are purely technology driven. Section 7 offers an

alternative motivation - non-traded idiosyncratic income shocks - for the variable factor

share mechanism. While the number of studies seeking to explain the financial stylized

facts is already very large (see Kocherlakota (1996) and Mehra and Prescott (2003) for

excellent surveys), few have focused purely on distribution considerations alone. We

review the related theoretical and empirical literature in Section 8. Section 9 concludes

the paper.
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2 The Model Economy

Imagine an economy with two agents, a worker and a rentier shareholder/bondholder.

The worker’s utility is denoted by v(W ), where W stands for his consumption level, the

shareholder’s utility is u(C), with C being his consumption level. The worker inelastically

supplies one unit of labor. The capital stock is K, investment I, the per-period rate of

capital depreciation Ω, and the production function f(·)λt with λt a stochastic shock to

the technology. The aggregate constraints of this economy are standard:

Ct + Wt + It ≤ f(Kt, 1)λt

Kt+1 = (1− Ω)Kt + It,K0 given.

Now assume there is a benevolent central planner maximizing a weighted sum of the two

agent’s utilities given these aggregate constraints with the distinguishing feature that the

welfare weight µ is a random variable whose stochastic process is known but exogenously

given to the central planner.

max
{Ct,It,Wt}

E0

{ ∞∑

t=0

[µ̃tv(Wt)) + u(Ct)]

}
(1)

This is the economy we will investigate. In effect we interpret the observed variations

in factor income shares as the result of a bargaining process between capitalists and

workers. We will show that such an economy not only rationalizes the evolution of income

shares but also possesses many features of the real economy. Adding the hypothesis that

one class of agents only - shareholders - price the outstanding financial assets, we will

show that the implied distribution risk is of first-order significance for the properties of

the equity market.

In the section that follows, we propose a specific decentralized interpretation for such

an economy, borrowed from Danthine and Donaldson (2002).

2.1 Workers

We postulate a continuum of workers distributed on [0, 1] who each supplies one unit of

labor inelastically and consumes his wage. This extreme assumption forces any worker

income smoothing activities to remain in the context of their employment relationship

with the firm. Workers are viewed, somewhat paternalistically, as permanent members

of the firm with which they have a lifetime employment relationship. The essence of the
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employment contract is that workers supply one unit of labor in exchange for a wage

that is substantially less variable than their marginal productivity. Note that, by the

nature of the contract to be analyzed, a worker’s income risk cannot be decreased by his

participation in the financial markets.

Accordingly, workers solve

max
{cw

t ,nw
t }

E0

∞∑

t=0

βtv (cw
t ) s.t (2)

cw
t ≤ wtn

w
t

nw
t ≤ 1

In the above problem v(·) denotes a representative worker’s period utility function,

β his subjective discount factor and cw
t his period t consumption; wt is his period t wage

and nw
t his period t labor supply. Conforming to notational custom, in this and all other

problem formulations, Et stands for the period t expectations operator under rational

expectations.2

The solution to this problem is particularly simple:

cw
t = wt

nw
t = 1;

That is, workers consume their wages and work their full time endowment.

2.2 Shareholders

A continuum of shareholders indexed to the unit interval is also assumed. Shareholders

are rentiers; they consume their dividend and interest income payments and trade secu-

rities in the financial markets. They own all the securities “traded” in the economy and

do not supply labor services. Their problem is:

max
{ct,zt,bt}

E0

∞∑

t=0

βtu (ct) (3)

s.t.

ct + qe
t zt+1 + qb

t bt+1 ≤ (qe
t + dt) zt + bt

2We assume all relevant information is public knowledge. For ease of exposition we specify the process

on the relevant state variables, dF (·), when we spell out the problem of the firm. The expectations

operators at the individual worker and shareholder levels apply to stochastic processes - on wages,

dividends and consumption - that are direct transformations of dF (·).
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In this decision problem u(·) denotes the period utility function of the representative

shareholder and ct his period t consumption. For simplicity, the shareholder’s subjective

discount factor β coincides with that of the worker. The shareholder’s decision variables,

zt and bt, denote, respectively, his period t stockholdings and bondholdings. The corre-

sponding period t prices of these securities are qe
t and qb

t , the former with an associated

period t dividend payment dt. The bonds considered are one period discount bonds

(paying one unit of consumption with certainty after one period).

Under standard concavity and differentiability assumptions, the necessary and suffi-

cient first order equations for Problem (3) are

u1 (ct) qe
t = βEt

{
u1 (ct+1)

[
qe
t+1 + dt+1

]}
(4)

u1 (ct) qb
t = βEt {u1 (ct+1)} (5)

Equation (4) has the unique non-explosive solution.

qe
t = Et

∞∑

j=1

βj u1 (ct+j)
u1 (ct)

dt+j . (6)

2.3 The firm

For notational simplicity, there is one firm that behaves competitively and lives forever.

The capital structure of this firm is composed of one perfectly divisible share and b one

period default free bonds.3

With homogenous firm owners, the firm’s objective clearly is to maximize its pre-

dividend stock market value, dt + qe
t , on a period by period basis. The key decision

variable is the level of investment it, given that a long-term labor contract defines the

relation between the firm and its workers. The latter stipulates that in exchange for

delivering one unit of labor per period for their lifetime, workers receive a wage income

which corresponds to an optimal risk sharing arrangement with firm owners. The firm’s

decision problem may thus be represented as:
3With our focus on multiperiod labor market arrangements and the presence of debt in the firm’s

capital structure, it would be inconsistent to admit a one period firm as commonly the case in this

literature.
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max
{it,nt}

dt + qe
t ≡ dt + Et

{
β

u1 (ct+1)
u1 (ct)

(
qe
t+1 + dt+1

)}
(7)

s.t.

dt = f(kt, nt)λ̃t − ntwt − it − b + bqb
t (8)

kt+1 = (1− Ω) kt + it; k0 given (9)

nt = 1

µ̃tv1 (wt) = u1 (ct) (10)

dF (λt+1, µt+1;λt, µt) and initial values λ0, µ0 given.

In equation (8), f(·) is the firm’s (increasing, concave, and differentiable) production

technology, λt is an aggregate shock to productivity, nt denotes the period t level of

hours (employment) engaged by the firm, kt is period t capital stock (with depreciation

rate Ω) and it its period t investment. Dividends, dt, are output less the aggregate wage

bill (ntwt), the net interest payment (b− bqb
t ) and the level of investment.

Equation (9) is the standard equation of motion on the firm’s capital stock. Con-

straint (10) summarizes the terms of the contract. It is one designed to effect optimal

risk sharing between workers and firm owners on a period by period basis, that is, once

µt has been determined. As the only non-standard element in this arrangement we pos-

tulate that a new value µt is drawn at the end of each period (that is, at the end of t− 1

for µt). This new value of µ applies for the next period and is taken as a given by both

parties. We mean this to represent the hypothesis that the relative weight of the two

classes of agents is determined in a process that, to a large extent, escapes the economic

sphere. We thus take the view that the low frequency movements in the wage share are

the outcome of interactions taking place at the social and political levels and that we do

not attempt to model. When at the negotiating table, economic agents make sure that

income risk is efficiently allocated taking that reality as a given.

We capture the uncertainties inherent in this process by postulating that µ̃t follows

an exogenously specified stochastic process. The joint conditional density of (λ̃t, µ̃t)

is given by dF (λt+1, µt+1;λt, µt). The parameter µt determines not only the average

consumption shares going to the agents in this economy but also their relative variability.

The calibration of the stochastic process governing the value of µt will be guided by the

desire to replicate the variation in income shares observed in the US economy.

The necessary and sufficient first order conditions for the firm’s problem are :

7



u1 (ct) = βEt {u1 (ct+1) [f1(kt+1, nt+1)λt+1 + (1− Ω)]} (11)

µtv1 (wt) = u1 (ct)

nt = 1.

2.4 Equilibrium

Let capital letters denote equilibrium quantities; market clearing then requires that the

following conditions be satisfied. In all cases the variable θ indexes the continua of

economic participants.

nt =
∫ 1

0
nw

t dθ =
∫ 1

0
1dθ ≡ 1 (12)

∫ 1

0
cw
t dθ =

∫ 1

0
wtdθ ≡ Wt

∫ 1

0
ctdθ ≡ Ct

zt =
∫ 1

0
ztdθ = 1

b =
∫ 1

0
bdθ = B

kt ≡ Kt and it ≡ It.

In equilibrium, aggregate variables are related according to

Yt = f (Kt, 1)λt = Ct + Wt + It. (13)

Total consumption Ct + Wt will be later labeled TCt. In this economy workers

are explicitly (though not implicitly ) passive and the shareholder’s activities have the

effect only of pricing financial assets after receiving their dividend and bond income.

Equilibrium is thus characterized by imposing the relevant market clearing conditions

on the optimality conditions of the firm. This yields

u1 (C (st)) = β

∫
u1(C (st+1)) [f (Kt+1, 1) λt+1 + (1− Ω)] dF (·) (14)

µtv1 (W (st)) = u1 (C (st)) , (15)

where we explicitly recognize the dependence of all the equilibrium quantities on the

economy’s state variables st ≡ (Kt, λt, µt).

8



More formally we define equilibrium as follows :

Definition : Equilibrium for the economy defined in equations (2) - (7) is a triple of

functions C (st) ,W (st), and I (st) which jointly satisfy equations (13), (14) and (15).

It may be observed in particular that equations (14) and (15) are the necessary and

sufficient first order conditions for the functional equation

J(st) = max
C(st),I(st)

{µtv [f(Kt, 1)λt − C(st)− I(st)] (16)

+u(C(st)) + β

∫
J [(1− Ω)Kt + I(st), λt+1, µt+1] dF (·)},

which, in turn, is the functional equation for the central planning formulation of our

model:

J(s0) = max
{C(st),I(st),W (st)}

E0

{ ∞∑

t=0

βt [µtv (W (st)) + u(C(st))]

}
(17)

s.t. C(st) + I(st) + W (st) ≤ f(Kt, 1)λt

Kt+1 = (1− Ω)Kt + It, K0 given.

λ0, µ0, dF (·) specified a priori.

Representation (17), which is nothing else that problem (1), confirms that all mu-

tually advantageous exchanges of risks between workers and shareholders are effected,

but for the impossibility of their contracting ex ante against future idiosyncratic income

variation as their respective bargaining powers wax and wane.

In this economy the standard Lucas (1978) asset pricing methodology is employed

to value financial assets; in particular, given the shareholders equilibrium consumption

function, C(st), the equity and risk free debt security prices are computed as the solution

to the following equations, respectively:

qe(st) = β

∫
u1(C(st+1))
u1(C(st))

[qe(st+1) + d(st+1)]dF (·) (18)

and

qb(st) = β

∫
u1(C(st+1))
u1(C(st))

dF (·), (19)

where d(st), the aggregate dividend, satisfies

d(st) = f(Kt, 1)λt −W (st)− I(st)−B + qb(st)B. (20)

9



Lastly, the period-by-period returns to the ownership of these securities are con-

structed according to,

1 + re
t,t+1 =

qe(st+1) + d(st+1)
qe(st)

, and (21)

1 + rb
t,t+1 =

1
qb(st)

(22)

2.5 Numerical Procedures and Calibration

Using standard discrete space methodologies, we solve expression (16) by value function

iteration (see Christiano (1988)) to obtain accurate approximations to the economy’s

optimal policy functions C(st) and I(st). Once the values of capital stock which identify

the economy’s long run stationary distribution and the equilibrium consumption and

dividend functions have been identified, solving (18) and (19) to obtain the equilibrium

stock and bond prices amounts to solving a system of linear equations. All financial

and business cycle statistics are computed on the basis of artificially constructed return

series of 400,001 periods in length.

In all cases the shareholder’s period utility function is hypothesized to be logarithmic,

u(C) = ln(C), while the period utility function of the representative worker is postulated

as v(W ) = W 1−γ

1−γ , with γ assuming a variety of values. The production function common

to all simulation runs is the customary f(K, 1) = LKα
t , with L a scale parameter. The

parameter α is typically calibrated to reproduce the observed share of capital in total

value added. Estimations on this number vary: the most commonly used value is .36.

Cooley and Prescott (1995) justify a higher value of .4 by the inclusion of a measure of

imputed income for government capital. Gollin (2002) argues that this number is likely

to be too high because of improperly accounting, as capital income, of the labor income

of the self-employed. The various adjustments he proposes to correct for this leads him

to estimating the 1992 U.S. capital income share in a range [.23 -.34] (instead of the .4

obtained for that particular year under a naive calculation). In our economy, income

shares are jointly determined by the value of the parameter α, the average value of µ and

the risk aversion parameter γ. Our basic scenario will be one where the capital share is

.3 (α = .3) and where {µt} is such that the average wage share matches its competitive

counterpart. We then study the impact of alternative values of µ which represent circum-

stances where workers are effectively paying a premium for income insurance provided

by firm owners and thus receive a lower average share of value added.
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Lastly, we make two distinct assumptions for the shock process on the share parame-

ter. We first explore the implications of an economy with no technology shock (λt ≡ 1)

where µt is assumed to follow a two state Markov chain; that is,

µ1 µ2

dF (µt+1; µt) =
µ1

µ2

[
π

1− π

1− π

π

]
.

(23)

In this case, µ1, µ2 and π are chosen to result in a process on factor shares which

reasonably corresponds to the data.

We then complete the model by allowing for aggregate uncertainty as well. A joint

stochastic process on the risk sharing parameter µ and the multiplicative technology

shock parameter λ is assumed. Together they follow a four state Markov chain with

transition matrix:

(λ1, µ1) (λ1, µ2) (λ2, µ1) (λ2, µ2)

dF (λt+1, µt+1; µt λt) :

(λ1, µ1)

(λ1, µ2)

(λ2, µ1)

(λ2, µ2)




ψ π σ H

π + ∆ ψ −∆ H σ

σ H ψ −∆ π + ∆

H σ π ψ




(24)

This choice of matrix admits a high degree of flexibility. Parameters λ1, µ1, λ2, µ2,

ψ and σ principally determine the behavior of the technology shock and their values are

chosen so that the economy’s equilibrium output series, when subjected to the Hodrick-

Prescott (HP) detrending procedures, matches the standard deviation of output for the

U.S. economy as well as its first order autocorrelation. The remaining parameters are

selected to replicate the time series properties of the wage share.

The targeted income share data can be described as follows. Let Yt denote output in

period t. For the period 1947.1 – 1998.1, the behavior of the wage share through time is

well approximated by a first order autoregressive process with corr [ln
(

W
Y

)
t
, ln

(
W
Y

)
t−1

] =

.974, SD(ln
(

W
Y

)
t
) = 3.45%, and corr [ln

(
W
Y

)
t
, Y HP

t ] = −.053 . The average value of the

wage share in this data series is .57. As explained before, this value needs to be adjusted

for mis-measurement problems. We use a benchmark value of .7. All statistics apply to

U.S. data.

3 An Economy with Distribution Risk only

We first study the properties of our economy in the absence of technology shocks, i.e.,

with distribution shocks exclusively. The corresponding transition matrix is (23). Table
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(1) below presents a sampling of results for one possible (µ1, µ2) pair; analogous results

for the U.S. economy and for a classic pure real business cycle (RBC) study (Hansen

(1985)) are provided for comparison purposes.

The intention of this exercise is purely suggestive. The RBC literature tells us that

in the absence of aggregate shocks it would be surprising to match the macro data

adequately, and Table 1 confirms this message. Yet given this very artificial context,

the financial results displayed in Table 1 are surprisingly representative. While still

falling short of the analogous U.S. figure by a substantial margin, the 2.32% premium

is extremely high relative to what is typically obtained for this class of models (see

Kocherlakota (1998)).4 This improvement comes from both the equity and risk free

returns with the former increasing and the latter decreasing by roughly the same amount

relative to the mean 4% value typically observed for both securities in this class of

stationary models with β = .99. With respect to the various return standard deviations,

the match is also quite good: the risky return and the premium are only about 7%

more volatile than what is observed in the data, and the risk free rate only 40% less so.

Dividend volatility and the correlation of equity return with consumption growth are

also close to what is observed. All in all, the present exercise suggests that distribution

risk may well be a first-order importance determinant of financial returns. This message,

however, needs to be confirmed in a more realistic economy.

4 Adding Aggregate Uncertainty

We now add aggregate uncertainty to distribution risk. The corresponding probability

transition matrix is described by (24). The results of this exercise are presented in Table

2, where Case 1 admits variation in both the share parameter µ and the technology shock

λ (aggregate uncertainty) while Case 2 admits aggregate uncertainty alone.

With plausible aggregate shocks the model economy may now be evaluated in the

light of business cycle data. Case 2 reproduces the results routinely obtained in the busi-

ness cycle literature. Case 1 demonstrates that distributional risk does not disturb the

performance of the macroeconomy. The following differences are worth noticing, however:

distribution risk adds some extra volatility in aggregate consumption and investment. It

should be viewed positively as consumption is excessively smooth in the standard model.

For this benchmark calibration there is excessive wage volatility suggesting that there
4If we shift the basis of comparison to a sample of non-U.S. countries, this particular result looks

even better: Goetzmann and Jorion (1998) report that for a sample of non-U.S. countries the premium

averages 3.5% when adjusted to factor out the effects of war-related market interruptions.
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Table 1

The Benchmark Case: Pure Distribution Risk

Panel A: Financial and Wage Share Statistics
U.S. data(iii) Hansen’s

(1985)

Model

Risk

Sharing

Economy(i)

(a) (b) (c) (a) (b) (c) (a) (b) (c)

re 6.98 18.2 .23 4.11 .52 .36 5.32 17.66 .35

rf .80 5.67 .12 4.10 .37 .06 3.00 3.42 -.42

rp 6.18 19.1 .01 .27 2.32 17.68

dt+1/dt 11.98 9.36 13.44

W/Y 57 3.45 64 0 .70 4.13

(d) (d) (d)

corr(lnW/Y, Y HP ) -.053 0 -.0073

corr(ln(W/Y )t, (lnW/Y )t−1) .97 0 .92

corr(re,, Ct+1/Ct) - - .69

corr(re,, TCt+1/TCt)(ii) .06 .78 -.54

Panel B: Aggregates

(e) (f) (e) (f) (e) (f)

output 1.76 - 1.79 - .07 -

total consumption 1.29 .85 .54 .88 .75 .176

shareholder consumption - - - - 9.78 .025

investment 8.60 .92 5.78 .99 2.72 -.055

wages .54 .88 1.90 .063

capital stock .63 .04 1.35 .98 .24 1.00

(i) µ1 = 73, µ2 = 228, α =.30, β = .99, Ω =.025, γ = 3, corr (µt, µt−1) = .98, π = .98,
B ≡ 0, L = 1.25
(ii) In the case of Hansen (1985), this is the figure for representative agent consumption.
(iii) Data sources: Mehra and Prescott (1985), Mankiw and Zeldes (1991), Mehra (1998), Camp-
bell (1999), Kocherlakota (1996), Bansal (2004).
(a) expected values in percent, annual frequency
(b) standard deviation in percent, annual frequency
(c) correlation with growth rate of output, annual frequency
(d) indicated correlations: wage share on a quarterly frequency; others annualized
(e) standard deviation in percent
(f) correlation with output
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Table 2

Adding Aggregate Shocks

Panel A: Financial and Wage Share Statistics
Case 1 Case 2

(a) (b) (c) (a) (b) (c)

re 5.83 22.11 .48 4.21 4.78 .68

rf 2.71 4.40 .09 4.04 1.68 .13

rp 3.12 21.88 .17 4.25

dt+1/dt 16.57 3.90

W/Y 70 5.69 71 2.17

(d) (d)

corr(lnW/Y, Y HP ) -.07 -.04

corr(ln(W/Y )t, (lnW/Y )t−1) .92 .89

corr(re,, Ct+1/Ct) .69 .79

corr(re,, TCt+1/TCt)(ii) .06 .79

Panel B: Macro-aggregates

(e) (f) (e) (f)

output 1.77 - 1.77 -

total consumption 1.16 .62 .87 .95

shareholder consumption 11.35 .62 2.75 .95

investment 6.77 .85 5.41 .98

wages 1.97 -.003 .69 .95

capital stock .59 .06 .48 .06

Columns (a) - (f); same interpretation as Table 1
Both cases: α = .30, β = .99,Ω = .025, γ = 3
Case 1: λ1 = 1.056, λ2 = .944, µ1 = 73, µ2 = 228, ψ = .98376, π = .00133, σ = .00533,H =
.00967, ∆ = .02, L = 1.25 yielding ρλtµt = −.61, ρλtλt+1 = ρµtµt+1 = .97.
Case 2: µ1 = µ2 = 150.5 = 73+228

2
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is insufficient income insurance. More interestingly, wages are acyclical in Case 1 while

they are strongly pro-cyclical in the more standard Case 2. The cyclicity of wages has

been the subject of much controversy since Dunlop (1938) and Tarshis (1938) provided

evidence suggesting that wages are nearly acyclical. Some have seen this observation as

a source of falsification of the standard real business cycle model. Our interpretation of

the labor market provides a potential resolution of this puzzle.

On the financial front, the performance of the complete model is extremely good

delivering an equity premium of 3.12%.5 By contrast, Case 2 confirms that the standard

real business cycle model is entirely prone to the equity premium puzzle, delivering a

very low premium of .17%.6

As in the pure distribution risk economy, the volatility of equity returns and of

the premium is somewhat in excess of what is observed while the volatility of the risk

free return is slightly too low. It is clear that these volatilities are, to a large extent,

attributable to the share variations.

It may be argued that this model is falsified by the excessive dividend volatility

relative to what is observed. Before accepting this conclusion one should, however,

consider that the 11.98% figure reported in Table 1 for the US economy corresponds to

the distributed dividends series which is a smoothed out series. In our artificial economy,

there are no retained earnings and no dividend smoothing. Our dividend series is closer

to a free-cash-flows series which is, inevitably, more variable.

The wage share statistics are of special interest since they bear on the specifics of our

model. As to the volatility of the wage share itself, it may come as a surprise that, even

in the absence of variation in µ, substantial share variation (W/Y ) is observed (Table 2,

Case 2, SD(W/Y ) = 2.17%). In a more standard representative agent model with our

production technology and competitively determined factor share, the SD(W/Y ) ≡ 0,

irrespective of the degree of output uncertainty. The result in Case 2 obtains because

the risk sharing contract (µv1(Wt) = u1(Ct)) does not imply a linear relationship be-

tween the increase in output net of investment and the resulting marginal increases in

worker and shareholder consumption. This is attributable to the differences in the two

agents’ degrees of relative risk aversion. One sees from Table 2 that, at -.07 the Corr

(lnW/Y, Y HP ) is close to the observed -.04 while the autocorrelation of lnW/Y is a little
5Note that this is an unlevered equity return.
6In a purely competitive model with only technology shocks - e.g. Hansen (1985) - we would anticipate

even a much smaller value. The .17% is attributable to the large technology shocks (relative to Hansen

(1985)) necessary to get the output variation to a level that corresponds to the data. That such larger

shocks are required is due to the high average level of risk aversion in the economy since the fraction of

income to the more risk averse workers (γ = 3) is 70%.
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on the low side (at .92 vs. .97 for the observations). The most significant difference on

this score between Cases 1 and 2 is the dramatic improvement in the correlation between

equity return and aggregate consumption: it is too high in the standard RBC model (at

.79) and almost exactly correct in our benchmark case.

All in all, the economy with both distribution risk and aggregate shocks performs

extremely well over an unusually wide range of financial and macroeconomic statistics.

Specifically, it does contribute a large equity premium for a production model that oth-

erwise behave remarkably close to the US economy. It also appears that the financial

characteristics of the model are largely determined by the income sharing mechanism,

while the business cycle properties are, to a large extent, determined by the techno-

logical uncertainty. For this specification at least, the incorporation of either source of

uncertainty in the same model reinforces the attractive features of the other.

The intuition for our results is relatively straightforward. With a negative corre-

lation between µ and λ, justified by the observed counter-cyclicity of the wage share

(corr(µt, λt)=-.63 in the benchmark case), low productivity shocks coincide roughly half

the time with a high µt realization, that is, with situations where the bargaining power

of capitalists is low. In these circumstances, the normally low payment to capital owners

is further reduced by the above average income share going to labor, and vice versa

in periods of high productivity shocks. These events have the consequence of making

capital fundamentally riskier. As a result, stocks are less attractive to investors, bonds

more attractive, and the premium rises.

It is of interest to observe that our results so far have been obtained in the absence

of a reinforcing financial leverage effect: in all simulations B = 0, so that the bond is

being priced and its return determined in zero net supply. Table 3 reports the results

obtained for the benchmark case modified to include various (modest) levels of financial

leverage. Only the financial results are reported, as Modigliani-Miller obtains and the

real variables are unchanged relative to the benchmark. Note that the properties of the

risk free return are unchanged as well: while financial leverage modifies the properties of

dividends, it does not alter the consumption of shareholders whose total income (interest

+ dividends) is unaltered. The equity premium increases from 3.12% to 3.64% for B = 3 .

The most significant impact of financial leverage is on the standard deviation of dividend

growth and of equity returns which both increase to very high levels for the higher values

of B. It is clear that the import of financial leverage pales alongside the role played by

operating leverage. Note for instance that Case 1 of Table 5 produces an equity premium

of 7.78% as opposed to the premium of 3.64% obtained with financial leverage for an

almost identical level of dividend volatility. We do not explore financial leverage ratio
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above B = 3 (or a debt-equity ratio of 11%) because, beyond this debt level, dividends

are occasionally negative and they become excessively volatile.

Table 3

Adding Financial Leverage

Various B
B=1 (D

E = 3.5%) B=2 (D
E = 7%) B=3 (D

E = 11%)

(a) (b) (a) (b) (a) (b)

re 5.99 23.46 6.16 25.09 6.36 26.86

rf 2.71 4.40 2.71 4.40 2.71 4.40

rp 3.27 23.25 3.45 24.82 3.64 26.69
dt+1

dt
18.86 22.31 27.54

Note: (a) average values; (b) standard deviations

A final insight is forthcoming if one writes down the representative agent model

directly analogous to the risk sharing construct as presented in problem (17):

max
{C(st),I(st)}

E0

{ ∞∑

t=0

βt [u(C(st))]

}
(25)

s.t. C(st) + I(st) ≤ f(Kt, 1)λt

Kt+1 = (1− Ω)Kt + It, K0 given.

λ0, µ0, dF (·) specified a priori.

Problems (17) and (25) (similarly parameterized; i.e., for both models α = .30, β =

.99, γrep.agent = γshareholder = 1 and the same stochastic process on {λt}) have identical

steady state capital stocks, the same aggregate consumption, etc. It thus follows that

Ct = f(Kt, 1)λt −Wt − It

∼ Crep.agent
t −Wt. (26)

Equation (26) effectively means that the wage bill serves a role similar to a postu-

lated external habit. Relative to the representative agent construct, the wage bill is the

postulated habit, and shareholder consumption in Problem (17) is nothing more than

the representative agent consumption in excess of the “habit”.

There are a number of dimensions along which the risk sharing “wage bill-habit”

replicates the complex non-linear habit evolution process found in the seminal paper by
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Campbell and Cochrane (1999). One of them is the cyclical pattern in risk aversion

obtained in both models. The effective underlying mechanism is very different, however.

In Campbell and Cochrane (1999), an external moving habit is postulated to express the

desire of investors to maintain their relative societal consumption position (“keeping up

with the Jones”, see Abel (1990)). For the risk sharing model, this feature need not be

an hypothesized appendage, but rather arises entirely endogenously. For both models,

the asset pricer’s consumption and his habit co-vary positively with output, although in

the risk sharing cases this also requires either (i) low risk aversion on the part of workers

(cf. Table 4, cases with γ = 1, and γ = 2), or (ii) non negative correlation between µ

and λ (Table 3, left most case). In addition the “wage bill-habit” is less variable than

the analogous representative agent consumption series.

In the following section the sensitivity of our results to parameter changes is examined

as a first step to gaining a better understanding of why they are observed in the first

place.

5 Comparative Dynamics and Welfare Assessment.

The message of the two previous sections has been that distributional considerations – the

relative shares of income going to capital and labor – are highly influential in determining

the financial characteristics of equilibrium in a way that is in general harmony with

business cycle phenomena. In this section we explore how these results are influenced by

the various model parameters, in particular by γ, µ, Eµ, and Corr (λt, µt), Corr (µt, µt+1).

5.1 Changing in ρλµ

Intuitively one expects that an important determinant of our results is the correlation

between the two shocks. In particular, this correlation significantly determines the in-

herent riskiness, for the capital owners, of the labor market arrangements characteristic

of this economy. The negative correlation adopted in our benchmark (meaning that

capitalists’ weight in the social welfare function is low precisely when the economy is

less productive) is motivated by the observation that the wage share is countercyclical,

and indeed this countercyclicity is reflected in the results of Table 2. Table 4 confirms

our intuition. The first case considered is one where ρλµ = 0 and indeed in that case

the premium decreases to (a still respectable) 2.52%. This lower premium is explained

by a decrease in the volatility of shareholder’s consumption and dividend growth. The

wage share remains countercyclical (a result explained by the mechanism discussed in

the previous sub-section for the case where there are no distribution shocks) but the
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correlation falls in absolute value. And the correlation between equity returns and ag-

gregate consumption becomes counterfactually negative. Conversely a ρλµ more negative

than in the benchmark case produces an increase in shareholders’ consumption volatil-

ity, in dividend volatility and higher premia. It is worth noticing that the volatility of

aggregate consumption and investment (but not GDP) are affected as well. Although

the correlation between aggregate consumption and equity returns is excessive, it has

the attractive consequence of producing a remarkable 3.89% equity premium.

5.2 Changes in γ and in Eµ.

For our choice of functional forms the income sharing condition, equation (10) reduces

to

µ−1Ct = W γ
t , γ > 0.

For a fixed µ, a smaller value of γ implies a larger value of Wt, provided Wt > 1, which is

the case for all scenarios considered in this paper. This implies that as workers become

less risk averse, the share of income going to workers increases. As a consequence, share-

holder consumption growth volatility increases while simultaneously being restricted to a

region of greater utility function curvature: the operating leverage effect is thus stronger.

This reduces the demand for risky stocks, increases the demand for risk free assets, and

increases the premium.

This intuition is explored in Table 5 where we report the financial and aggregate

statistics for scenarios of varying γ, centered on our benchmark of γ = 3. Confirming

our intuition, the fraction of income going to workers is greatest when they are less risk

averse. In fact, the mean consumption of the firm owners in the γ = 1 case (.065) is less

than one seventh its value when γ = 4 (.4725). As a result, shareholders’ consumption

growth (dividend growth) is much more volatile, thus increasing the premium to a level

of 5.74% in the γ = 2 case and even an excessive 7.78% in the γ = 1 case. Another

direct consequence of this observation is the increased volatility of the return on equity

and the premium, which now lies at the upper bounds of acceptability. We observe

that corr((W/Y )t, Y
HP
t ) and corr(ln(W/Y )t, ln(W/Y )t−1) are largely unaffected by the

changes in γ, while correlation between equity returns and aggregate consumption turns

more positive, as desired to match the observations when γ decreases.

On the macroeconomic side, there are no major effects of varying the parameter γ.

The most significant impact is on the properties of wages. As workers’ risk aversion

decrease, wages become more highly pro-cyclical and their volatility falls. The latter

may be seen as somewhat of a curiosum: as the workers become less risk averse, their
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Table 4

Comparative Dynamics: Changes in ρλµ

Panel A: Financial and Wage Share Statistics
ρλµ = 0 ρλµ = −.96 ρλµ = −1

(a) (b) (c) (a) (b) (c) (a) (b) (c)

re 5.43 18.42 .21 6.20 24.93 .68 6.24 25.26 .71

rf 2.92 3.74 .03 2.31 3.98 .14 2.26 3.93 .15

rp 2.51 18.34 3.89 24.85 3.98 25.20

dt+1/dt 14.10 18.46 18.72

W/Y 70 4.73 70 6.33 70 6.41

(d) (d) (d)

corr(lnW/Y, Y HP ) -.04 -.11 -.11

corr(ln(W/Y )t, (lnW/Y )t−1) .92 .91 .91

corr(re,, Ct+1/Ct) .70 .68 .68

corr(re,, TCt+1/TCt) -.06 .36 .44

Panel B: Aggregates

(e) (f) (e) (f) (e) (f)

output 1.78 - 1.78 - 1.78 -

total consumption 1.15 .75 .57 .26 .43 .16

shareholder consumption 10.17 .26 12.41 .96 12.56 .99

investment 5.96 .87 8.37 .96 12.56 .99

wages 2.02 .33 1.51 -.71 1.44 -.93

capital stock .53 .07 .72 .097 .74 .1

Columns (a) - (f), same as Tables (1), (2); all parameters conforms to those underlying Case 1
of Table 2 except:

• ρλtµt = 0 : ψ = .97237, π = .01262, σ = .01487,H = .00013, ∆ = .03

• ρλtµt = −.96 : ψ = .98499, π = .00001, σ = .00051,H = .01449,∆ = .02

• ρλtµt = −1 : ψ = .985, π = 0, σ = 0,H = .015,∆ = 0
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Table 5

Comparative Dynamics: Changes in Workers’ Risk Aversion γ

Panel A: Financial and Wage Share Statistics
γ = 1 γ = 2 γ = 4

(a) (b) (c) (a) (b) (c) (a) (b) (c)

re 8.32 38.59 .34 7.24 31.85 .40 4.97 14.77 .54

rf .54 8.58 .08 1.50 6.80 .08 3.42 2.90 .10

rp 7.78 38.77 5.74 31.79 1.54 14.50

dt+1/dt 27.75 23.24 11.34

W/Y 77 2.29 74 3.79 65 6.67

(d) (d) (d)

corr(lnW/Y, Y HP ) -.06 -.06 -.06

corr(ln(W/Y )t, (lnW/Y )t−1) .86 .90 .93

corr(re,, Ct+1/Ct) .63 .65 .72

corr(re,, TCt+1/TCt) .29 .16 .10

Panel B: Aggregates

(e) (f) (e) (f) (e) (f)

output 1.78 - 1.77 - 1.77 -

total consumption .83 .92 .94 .79 1.21 .60

shareholder consumption 17.71 .47 15.29 .54 8.03 .72

investment 5.78 .97 6.19 .92 6.78 .84

wages .81 .72 1.29 .26 2.24 -.12

capital stock .51 .09 .54 .07 .60 .05

Columns (a) - (f), same as Tables (1), (2); all parameters except γ conform to those underlying
Case 1 of Table 2.
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consumption volatility decreases. Both results are easy to explain, however. When γ

decreases, shareholders’ bargaining power diminishes and their share of income falls.

Workers’ consumption (W ) then makes up an increasing fraction of aggregate consump-

tion and the properties of the two series (W and TC) naturally converge.

Note that these results further refute the assertion that a reasonable replication of

the financial data requires the assumption of an excessive level of risk aversion. In our

model construct, what appears to be key is the relative income shares and their respective

volatilities.

5.3 Other comparative dynamic tests

In this section we briefly report on other tests for which we do not provide full tabular

results.

As just argued, from the perspective of financial return characteristics, the main

impact of the parameter γ is to help determine the relative income shares. This is even

more obviously the case for the average µ and variation in this quantity can be expected

to have the same effect (with an increase in µ going in the same direction as a reduction

in γ). This intuition is confirmed in simulations. As for the case of changes in the risk

aversion parameter, the size of the wage share is of overwhelming importance. With an

increase in Eµ (workers become more successful as bargainers on average), the share of

income to labor rises. As a further benefit to the negotiation success, the volatility of

their wages also diminishes(in percentage terms). On the shareholders’ side the reversed

consequences together reinforce one another to push up the premium: not only does

the fundamental income uncertainty more fully reside with the shareholder but also the

income share reduction forces the risk to be borne by shareholders on the more concave

portion of their period utility surface: relative to a representative agent economy there

is a larger habit. As a result, shareholders behave in a more risk averse fashion, and

attempt to reduce their holdings of the risky security and increase their holdings of

the risk free one. This increases the premium, though at the price of excessive return

volatility. For the benchmark Case 1 of Table 2, Ecs = .30 corresponding to Eµ = 150;

when Eµ = 75 (same µ1

µ2
ratio), Ecs = .45; if Eµ = 250, Ecs = .21. In the first case the

premium is 2.05%; in the second it is 4.12%.

We also analyzed the effects of the time series characteristics of the share process on

financial equilibrium, and, in particular its autocorrelation. The results of this exercise

do not entirely conform to intuition. One would expect that the more persistent the

variations in µ, the harder it would be for shareholders to bear the distribution risk

and the higher the premium they would require for holding the risky asset. This is not
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systematically the case and the passage from ρµµ = .97 to ρµµ = .5 in fact increases

the premium from 3.12% to 4.91% (The reference is once again Case 1 of Table 2 where

ρµµ = .97). The above change (to ρµµ = .5) has, however, far reaching counterfactual

consequences at the macro level. These are both difficult to interpret and lead to a

categorical rejection of this parametrization. First, when the income sharing parameter

becomes less persistent, its impact on macroeconomic volatility becomes much smaller

and for technology shocks of the same size as in the benchmark, output becomes ex-

cessively smooth. Both shareholders’ and total consumption relative volatility become

excessive. More significatively, the autocorrelation of the (log-) wage share becomes

much too low (.68) and the return to equity becomes strongly negatively correlated with

consumption growth, two observations that disqualify this calibration.

5.4 Welfare Considerations

So far we have imposed on shareholders and workers a specific arrangement by which

workers do not participate in financial markets but obtain income insurance from their

employers. Besides having significant descriptive power, this form of arrangement has

a long standing tradition in the labor market literature (under the heading “implicit

contracts”, see, e.g., Rosen, 1994). While such an arrangement can be viewed as re-

sulting from the same non-economic forces that also lead to variations in the respective

bargaining power of the two parties, one could equally well argue that, apart for these

variations in µ, the underlying arrangement has been willingly agreed upon and is so-

cially optimal, for example, because of the presence of significant fixed costs to financial

market participation. If the latter interpretation is adopted, one would then want to ar-

gue that shareholders should be no worse off under the chosen arrangement than under

the Walrasian alternative. This would imply that they should receive an appropriate

premium as a compensation for the income insurance they provide.

In that spirit it is natural to ask what is the average value of µ (i.e. the average

income share, maintaining the same relative µ1-µ2 variation) for which firm owners are

as well off in our economy as in the corresponding Walrasian equilibrium. The latter is

defined as the solution to the functional equation:

J(Kt) = max
It

{u(f(Kt, 1)λt − It −Wt) + β

∫
J(Kt+1, λt+1)dF (λt+1, λt)} (27)

Kt+1 = (1− Ω)Kt + It; It ≥ 0,

with {Wt} given. Walrasian equilibrium, in particular, is captured not only by

regarding the wage sequence as exogenous from the firm owner perspective, but also by

23



imposing on the first order condition to problem (27), the requirement that

Wt = (1− α) f(Kt, 1)λt. (28)

Not surprisingly, incentive compatibility requires that the portion of output extracted

by workers be somewhat smaller than what underlies Tables (2)-(5). Under problem

(27)-(28), firm owners experience a smaller income uncertainty and they receive 30% of

total output. In order to agree to an income sharing scheme with variable shares, their

average share of income must increase. Our computations show that shareholders are as

well off under the defined labor arrangement scheme (including variable income shares,

i.e., distribution risk) if their share of income is increased by a little over 1% of GDP,

i.e., is equal to 31% instead of 30%. This is obtained for (µ1, µ2) = (61, 190). With

this higher share of income to firm owners, and under our benchmark calibration for the

other parameters, the equity premium is 2.80%. The entire set of statistics is reported

in Table 6.

5.5 Explaining the Market Value to National Income ratio

In a recent article, Mehra (1998) has reminded us that the (1985) Mehra-Prescott asset

pricing model is also unable to match the observed volatility of the qe/NI (Value of

market equity as captured by the S&P500 to national income ratio) for the U.S. economy.

For the sample period (1929-1993) the value of this ratio is in the range [.45, 1.90]; for the

postwar period (1946-1993) the corresponding range is [.48, 1.33]. It is striking that the

standard Mehra-Prescott (1985) model, with logarithmic utility for the representative

agent, generates a range [.54,.69] for the same ratio. We observe (Table 7) that the

distribution risk model is able to generate vastly more variation in this important ratio.

The benchmark case produces a multiple between the minimum and the maximum values

of this ratio, at 3.4, that stands in between the value observed in the postwar period,

2.77, and the one obtained for the entire Mehra sample, 4.22. It is also worth noting that

our model would suggest an alternative explanation to that of McGrattan and Prescott

(2005) for the steep rise in the qe/NI ratio observed since the 1960s in the U.S.. Whereas

those authors attribute the phenomenon to less oppressive capital taxation, our model

suggests that the observed reduction in the labor share could be responsible as well. The

(modest) reduction in the labor share from .73 for the case µ1 = 121;µ2 = 380 to .70

for our benchmark, for example, produces an increase of 41% in the mean value of the

ratio qe/NI. This interpretation of the facts receives strong support from Boldrin and

Peralta-Alva (2005).
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Table 6

Incentive compatible case

Panel A: Financial and Wage Share Statistics
µ1 = 61, µ2 = 190

(a) (b) (c)

re 5.65 20.70 .49

rf 2.85 4.12 .08

rp 2.80 20.51

dt+1/dt 15.58

W/Y 69 5.99

(d)

corr(lnW/Y, Y HP ) -.06

corr(ln(W/Y )t, (lnW/Y )t−1) .92

corr(re,, Ct+1/Ct) .69

corr(re,, TCt+1/TCt)(ii) .05

Panel B: Aggregates

(e) (f)

output 1.77 -

total consumption 1.18 .60

shareholder consumption 10.77 .64

investment 6.83 .84

wages 2.10 -.04

capital stock .60 .06

(a)-(f) as in Table 1
Parameters: α = .30, β = .99, Ω = .025, γ = 3, corr(µ, µ−1) = .98; other parameters as in Table 2

Table 7

Properties of the qe/Y ratio
µ1 = 36;µ2 = 114 Benchmark µ1 = 121;µ2 = 380

E(W/Y ) .66 .70 .73

SD(qe/Y ) 1.01 .87 .69

max(qe/Y ) 14.85 3.43 2.53

min(qe/Y ) 1.71 1.00 .66

E(qe/Y ) 3.11 2.07 1.46

All parameters other than µ1, µ2 are the same across all 3 cases; Benchmark is Case 1 of Table 2
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6 Technology Driven Variations in Factor Shares

In this section we briefly entertain the hypothesis that the observed variations in fac-

tor shares might be the result of time variations in the parameters of the aggregate

production function. Let us assume a representative agent with utility of consumption

u(Ct) = lnCt and an aggregate technology given by

f(Kt, 1) = LKαt
t ,

where αt varies stochastically through time according to a known Markovian process.

For consistent comparisons, we have assumed that nt ≡ 1 and that all investment is

financed out of the capital share of income:

d(Kt, αt) = αtf(Kt, 1)− I(Kt, αt). (29)

Such a model formulation can be summarized by the recursive functional equation.

Ĵ(Kt, αt) = max
I(Kt,αt)

{u(C(Kt, αt)) + β ∫ Ĵ(Kt+1, αt+1)dH(αt+1, αt)} s.t. (30)

C(Kt, αt) + I(Kt, αt) ≤ LKαt
t ,

Kt+1 = I(Kt, αt) + (1− Ω)Kt; K0 given,

dH(αt+1; αt) specified, Markovian.

(31)

This formulation differs from the earlier one in several essential ways. First, the

consumption of the representative agent equals the sum total of his wage and dividend

income, a fact that suggests it will be nearly impossible – while maintaining plausible

output and consumption variations – to achieve substantial MRS variability. Second, for

this formulation, the share of income to capital cannot be specified independently of the

average level of capital stock: a lower Eα (to match a 70% worker share) is coincident

with lower equilibrium capital stock, output, etc. All variants of the risk sharing model

displayed the same steady state level of capital stock, since α was unchanging.

These remarks together suggest that it will be very difficult to achieve the same

results as in the earlier formulation where factor shares (over a limited range) could

be expressed substantially independently of the capital stock process, an assertion that

is borne out in the results of Table 8. In this case the process on αt follows a two

state Markov process. It was possible to parameterize this process so as to replicate

simultaneously the detrended output variability and the properties of the labor share as

per Case 1, Table 2. This was accomplished by using the same transition matrix as in
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the cases underlying Tables 2-4, while assigning the role of µt to αt. That is, we chose to

assume no other shocks and set λt ≡ 1, thus isolating the consequences of a variable αt.

This also implies that the process governing the evolution of α̃t coincides exactly with

the process governing the evolution of µ̃t in the comparison cases. One may thus choose

to compare the results in Table 8 with those of Table 1, where there are no aggregate

shocks, or with those of Tables 2 and following, where macro shocks are present and

macroeconomic volatility is comparable. For full consistency, u(Ct) = lnCt was also

maintained.

Table 8

Technology induced variations in income shares
(a) (b) (c)

re 4.111 1.12 .33

rf 4.111 1.04 .19

rp .00 .24

dt+1/dt 11.09

Wt/Yt 69. 1.82

(d)

corr(ln(W/Y )t, Y
HP
t ) -.03

corr(ln(W/Y )t, ln(W/Y )t−1) .99

corr(re,, Ct+1/Ct) .97

(e) (f)

Output 1.78 –

Consumption .45 .20

Investment 8.65 .97

Wages 1.06 .99

Capital stock .73 .14

(a) - (f) as in prior Tables.
α1 = .322, α2 = .285, β = .99, Ω = .025, ψ = .97237, π = .0162, σ = .01487,H = .00013,∆ = .002

As is clearly seen, there is no measurable premium, and the return standard de-

viations are quite low relative to previous cases. The business cycle properties of the

model, including the properties of the wage share, are, however, quite acceptable (ex-

cept for the very high correlation of wages with output and the low relative volatility of

consumption).

These results underline the fact that factor share variations are not an additional

source of risk in a representative agent model: what the agent does not get in the form
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of wages, he receives in the form of dividend payments. By contrast, income share

variations are (highly) relevant in economies with two separate agent classes as is the

case in the other models proposed herein.

7 An Alternative Interpretation of the Sharing Mechanism

The variable sharing parameter µ̃ can also be rationalized in a manner which differs

significantly from the motivation heretofore proposed (where variation in µ̃ was postu-

lated to reflect changes in the relative bargaining strengths of workers and firm owners).

In particular, we will demonstrate that variable sharing will also arise endogenously in

purely competitive contexts where workers receive an idiosyncratic income shock against

which they are unable to insure (restricted participation).

Let us denote this income shock by ξt when received in period t, and let us suppose

that ξt and λt are both highly autocorrelated and cross correlated. To make clear the

intuition underlying the development to follow we first review the story underlying the

analogous complete markets case.

Suppose, as we assume, that workers are more risk averse than shareholders. They

will thus wish to sell contingent commodities (or state claims) which pay off in their high

future income states, and purchase claims that pay off in their low future income states.

Since, with a competitive labor market and Cobb-Douglas technology, low aggregate

income states for workers are also typically low income states for shareholders, it is very

likely that the equilibrium price of claims paying in low income states will be higher

than their high income state counterparts. On balance the claims that workers sell will

have less aggregate value than the claims they purchase. On net they thus willingly

transfer positive amounts of current consumption to the shareholders in the context of

their trading activities in exchange for a more stable future consumption stream. It is

in this sense that the shareholders are “compensated” for providing income insurance to

workers in a competitive equilibrium context. Under competitive labor markets and a

reasonable model calibration, workers’ wage income will be relatively smooth, especially

as compared with firm owner income. This fact suggests that workers will mostly seek

to insure against variation in their idiosyncratic income component. In any event, under

market completeness, for all states (k, ξ, λ), v1(C̄(k, ξ, λ)) = θ̂ u1 (C(k, ξ, λ)) for some

constant θ̂ after all trades have been executed.

Suppose now that workers (for reasons of implicit moral hazard, etc.) cannot trade

claims that distinguish among (ξt, λt) realizations. The only mechanism open to workers

for future consumption stabilization is to save via the acquisition of positive quantities
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of (kt, t) indexed claims from shareholders, at a net cost to themselves. These claims pay

one unit of the consumption good if the particular (kt, t) state is observed irrespective

of what (ξt, λt) is simultaneously realized. In a sense they represent (kt, t) conditional

discount bonds. Consider two workers with identical preferences and initial wealth. Such

trading restrictions mean that the period t̂ wealth of a worker who has experienced a

favorable sequence of high idiosyncratic income stocks ξt in periods t < t̂, and the period

t̂ wealth of an otherwise identical worker who has experienced a sequence of low ξt shocks,

t < t̂, will be the same. The former will have enjoyed greater consumption and higher

welfare than the latter but this does not translate into the potential for higher wealth

accumulation. If that were to be the case, it would imply that the high idiosyncratic

income worker could sell contingent commodities that pay in high future ξt incomes

states and use the proceeds to buy more (kt, t) based claims – something prohibited by

the market structure.

By accumulating (kt, t) based contingent commodities, workers can partially insure

against low wage income states (ceteris paribus, low capital states are low wage states)

but not specifically against low ξt or low λt states. By selling capital based contingent

commodities to workers, shareholders insure workers but only partially so, as these securi-

ties ignore (ξt, λt) differences. In equilibrium the ratio u1(C(kt, ξt, λt))/v1(C̄(kt, ξt, λt)) =

θ(ξt, λt) will thus vary, though generally to a lesser extent than in the absence of any

claims trading whatsoever. It is this quantity θ(ξt, λt) that we identify with µ̃t.

The formalism behind these ideas is presented below, where first the generalized plan-

ning problem and, second, the details of its competitive decentralization are discussed.

Appendix 1 provides a more detailed development, including the recursive counterpart.7

max
{Ct,C̄t,It}

E

{ ∞∑

t=0

βt
[
u(Ct) + γ(ξt, λt)v(C̄t)

]
}

(32)

subject to:

Ct + C̄t + It ≤ f (Kt) λt + ξt

Kt+1 = (1− Ω) Kt + It

K0 = K̄, (ξ0, λ0) = (ξ̄, λ̄) given.

In formulation (32), γ(ξt, λt) is the variable sharing parameter which is postulated to

be a 1 to 1 function of the economy’s two sources of uncertainty, the worker’s endowment

shock and the firm’s technology shock, and C̄t denotes period t worker consumption;
7We present the non-recursive valuation equilibrium representation as the underlying mechanism is

more transparent in this case.
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otherwise the notation is the same as previously. The planner’s decision variables may be

written as functions of the economy’s capital stock Kt and the history, up to and including

the present, of the economy’s exogenous shocks {(ξt, λt)}T
t=0 ≡ zt; we also identify

(zt−1, (ξt, λt)) = zt. Hence, Ct = C(Kt, zt), C̄t = C̄(Kt, zt) and It = (Kt, zt).

In decentralizing planning problem (32), shareholders are presumed to have access

to a complete set of contingent commodities markets. They therefore solve the following

problem:

max
{Ct,It,nt}

E

{ ∞∑

t=0

βtu(C, (Kt, z
t))

}
(33)

subject to

∞∑

t=0

∑

(kt, zt)

P (Kt, zt)
[
C(Kt, zt) + I (Kt, zt) + W (Kt, zt) n(Kt, zt) − λtf(Kt)

] ≤ 0

(34)

Kt+1(zt) = (1− Ω)Kt(zt−1) + I
(
Kt, z

t
)
, n

(
Kt, z

t
) ≤ 1.

K0, (ξ0, λ0) given.

Since the owner has access to complete markets he is confronted with one overall

budget constraint (34). Let θ denote the multplier on this constraint. The relevant

differential optimality condition is thus

βtπ(zt)u1(C(Kt, z
t)) = θ P (Kt, z

t), (35)

where π(zt) denotes the probability of the indicated sequence of events, and P (Kt, z
t) is

the period t present value (relative to t = 0) price of consumption (output).

As noted, the worker is presumed to be highly constrained in his trading activities.

Neither can he trade contingent commodities indexed by ξt, described earlier, nor com-

modities indexed by λt. Workers may thus transfer wealth across different realizations

of (Kt, t), but not across realizations (Kt, t, ξ̂t, λ̂t) and (Kt, t, ξ
′
t, λ

′
t). As a result, in each

period, workers face multiple budget constraints, each one indexed by a possible realiza-

tion of (ξt, λt). These constraints allow the worker to trade contingent commodities only

across future (ξt, λt) states which coincide with the particular (ξ, λ) experienced today.

In every period t, workers thus solve

max
{nw

t+j ,C̄t+j}
E





∞∑

j=1

βt+jv(C̄(Kt+j , z
t+j))



 (36)
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subject to:

∞∑

j=1

∑

kt+j

P (Kt+j , zt+j)
[(

C̄(Kt+j , zt+j)− ξt

)−W (Kt+j , zt+j) n (Kt+j , zt+j)
]

= 0

(37)

∀ (ξt, λt) ∈ Ξ × Γ

nw(Kt+j , zt+j) ≤ 1

Making specific the remarks above, there is one constraint of type (37) for every possible

(ξt, λt) that is feasible going forward.

Let θ(ξt, λt) denote the multiplier identified with the constraint indexed by (ξt, λt).

The relevant differential optimality condition from the workers’ problem is:

βt π(zt) v′(C̄(Kt, zt)) = θ (ξt, λt, )P (Kt, zt). (38)

In equilibrium,

v′(C̄ (Kt, zt)) =
θ (ξt, λt)

θ̂
u′ (C (Kt, zt)). (39)

Define µ̃t = γ (ξt, λt) = θ̂
θ (ξt, λt)

and the identification is complete (constraints are

binding and multipliers are strictly positive). Because of an absence of market access

workers cannot insure against all eventualities. Across different future states the marginal

benefit to relaxing the relevant budget constraints will no longer be in fixed ratio but

will change with the (ξt, λt) state, a fact mirrored by the variable γ (ξt, λt) ratio.

Under this identification, roughly speaking µ̃t ≡ γ(ξ̃t, λ̃t) will be highly persistent

when ξ̃t and λ̃t are. Furthermore, ceteris paribus, we may identify a high level of ξt with a

high value of µt and vice versa. More generally, whenever one agent is constrained in his

options to trade contingent commodities (or state claims), then there will be incomplete

insurance and this fact can be captured by a variable µ̃ parameter as per our initial

model identification.

The above equivalence allows us to connect our modeling effort to an important

strand in the literature associated most closely with Constantinides and Duffie (1996). As

emphasized in Constantinides and Duffie (1996), a reasonable replication of the financial

stylized facts requires (i) uninsurable income shocks which are (ii) highly persistent.

By the identifications in this section, the assumed properties on the µ̃t process may be

interpreted as fully satisfying these conditions.
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8 Related Theoretical and Empirical Literature

The central advantage of production economies for the understanding of the pattern of

financial returns is the added discipline they present to the exercise. Since the actions of

the same economic agents give rise to both macroeconomic and financial phenomena, it

is a minimum expression of consistency that the same model be expected to replicate the

financial and macroeconomic stylized facts, at least along a limited set of dimensions.

This has been our perspective. In this section we discuss other models with significant

labor market features and their implications for financial return data.

8.1 The Theoretical Literature

Matching financial data in a production setting requires that the capital owner display

a strong desire to smooth his consumption intertemporally (provoked by, e.g., a habit

formation feature) while simultaneously acting in a context that makes it difficult to

reallocate labor or capital to that same end. These latter restrictions essentially substi-

tute for some form of market incompleteness: in either case agents are prevented from

smoothing their consumption across states and dates. In most models it is the degree

of restrictiveness in the labor market that ultimately holds sway vis-à-vis financial char-

acteristics. There are four models, in particular, that we review. More detailed model

descriptions may be found in Appendix 2; principal comparative output data is provided

as available. In all cases notation is harmonized to be consistent with that adopted in

this paper.

The first paper to emphasize the influence of labor market phenomena on equilibrium

financial returns was Danthine et al. (1992). It proposed a model with shareholders,

primary and secondary workers. These latter groups hold no securities (limited par-

ticipation). The primary workers are assumed to have a permanent, full employment

association with the firm. Their compensation is governed by a risk sharing arrangement

identical to the one proposed in this paper. At the other extreme, the secondary workers’

employment prospects are governed by a pure Walrasian mechanism, one that otherwise

would lead to substantial income variation. In order to moderate this wage income vari-

ability, primary worker wages are postulated to be subject to a wage floor augmented by

unemployment compensation (the wage floor is above the market clearing wage in some

states) financed by a tax on corporate profits.8 As a result of these later arrangements,

all workers in the model experience income volatility less than what would occur under
8Thus the model generates unemployment among the secondary workers as both worker types supply

labor inelastically.
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a full Walrasian scenario. Whether directly – via wage insurance – or indirectly – via

the unemployment tax – the net effect of worker income stabilization is to shift income

risk onto the shareholders. The principle model results are presented in Table 9 below.

Table 9

Model Results: Danthine et al. (1992)(i)

Financial and Aggregate Statistics

(a)(ii) (b)

re 4.56 .84

rf 3.98 .80

rP .58 .06

d
(iii)
t 5.36

(d)

corr (re, ct+1/ct) .06

(e) (f)

output 1.76 .69

total consumption .34 .98

shareholder consumption 5.36 .99

investment 6.08 .99

wages(iv) .22 .10

capital stock .54 .03

(i) The reported statistics are drawn from Tables (3) and (4) in Danthine et al. (1992).
(ii) (a), (b), (d) – (f) as in Table 1.
(iii) The reported volatility is for the dividend annualized, not its growth rate.
(iv) Wages are equivalent to total worker compensation.

While the model is able to replicate the stylized business cycle facts very well and

produces a premium substantially in excess of what is obtainable under a Hansen (1985)

construct, the premium still falls significantly short of what is observed. Security return

volatilities are also much too low. In effect, variable equilibrium labor supply in the

secondary sector in conjunction with shareholder control over investment together pro-

vide too much opportunity for shareholder consumption smoothing. Indeed, shareholder

consumption volatility is about half the level of the benchmark case of this paper (Table

2, case (1)); otherwise, the macro series are very similar. In a sense the current model

is a simplified version of Danthine et al. (1992) where all workers are subject to the

primary worker income determination mechanism, augmented with an extra source of
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risk affecting the mechanism of income sharing itself. This second source of uncertainty

is fundamental to its superior results along the financial dimensions.9

Boldrin and Horvath (1995) propose a contracting mechanism that is similar to Dan-

thine et al. (1992). In equilibrium, it also has the consequence that employees supply

resources to firm owners in high income states and receive payments from them in low

output ones.10 In their set up, profits and hours both display high levels of variability

in line with their respective empirical counterparts. As they do not present data on the

pattern of financial returns characteristic of their model, it is difficult to directly com-

pare their results with the other literature. By the nature of their model formulation,

however, it is likely that their results would be similar to those in Danthine et al. (1992).

Subsequent to Danthine et al. (1992), the literature approached the same set of issues

more from the perspective of modifying shareholder preferences in order that they act in

a more risk averse fashion and less from the “operating leverage” perspective of worker

income insurance.

Jermann (1998) postulates a representative agent style model with habit formation

(leading to a high MRS volatility) in conjunction with capital adjustment costs which

make it difficult to smooth consumption via investment variation. The inability of the

agent to smooth is strengthened by a fixed labor supply assumption. With these features

his model is able to explain the business cycle stylized facts in conjunction with the mean

premium quite well, but at a cost of excessive risk free rate volatility. See Table 10 below.

Boldrin et al. (2001) demonstrate, however, that the high premium in Jermann (1998)

is lost if a Hansen (1985) style labor-leisure choice mechanism is introduced even while

retaining the same adjustment cost specification. Thus modified, Jermann’s (1998) model

also has the unattractive feature that hours and output are negatively correlated. In this

modified model there are two opportunities for the representative agent (and therefore

the representative shareholder) to smooth his consumption stream – by adjusting his

hours and investment (though at a cost) – and, taken together, these are very effective

consumption smoothing devices. As a result the premium declines to .30%. The results

in Jermann (1998), while important as a source in intuition, are thus not extremely

robust.

Boldrin et al. (2001) also review a number of possible model features, and ultimately

explore one with two sectors – one producing consumption and the other capital goods
9It is probably true, however, that the introduction of variable labor into the present model construct

would reduce the premium.
10Much of the added generality in Boldrin and Horvath (1995) comes from their contracting mechanism

which admits fixing wage and employment schedules many periods in advance. Due to computational

problems, however, they only compute statistics for one period ahead contracts.
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Table 10

Model Results: Jermann (1998)(i)

Financial and Aggregate Statistics
(a)(ii) (b)

re 7.00 19.86

rf .82 11.64

rP 6.18

dt+1/dt 8.44

(e)

output 1.76

consumption .86

investment 4.64

(i) The reported statistics are drawn from Tables (1) and (2) in Jermann (1998).
(ii) (a), (b), (e) as in Table 1.

– where the allocation of capital and labor to each sector must be chosen one period in

advance of knowing the respective technology shocks. This has the consequence of reduc-

ing the ability of shifts in either factor of production to be used to smooth consumption

significantly. It is the restrictions to labor market flows (between sectors) posterior to

shock realizations, in particular, that they view as most crucial to their results. In con-

junction with standard habit formation preferences these authors can explain the mean

equity premium although investment volatility is a bit too low and the risk free rate

again displays excessive volatility, so much so that its standard deviation substantially

exceeds that of the return on equity. See Table 11 below. We note that the excessive risk

free rate volatility of Jermann (1998) and Boldrin (2001) is not a general consequence of

the distributional risk perspective.

Danthine and Donaldson (2002) revisits the original question posed in Danthine et al.

(1992): to what extend can operating leverage cum income share variation simultaneously

explain the business cycle and financial market stylized facts? It is an exploration that is

accomplished in a slightly more abstract setting than in Danthine et al. (1992) whereby

the latter’s elaborate labor market set up (temporary and permanent classes of workers,

etc.) is summarized by a “net” risk sharing mechanism nearly identical to the one

considered here. With several additional features, such as costs of adjusting the capital

stock, they also achieve an excellent and broad based fit to the data. See Table 12.

Generally speaking this case replicates the one presented in Table 2 except that

returns seem to conform to the data slightly less satisfactorily. This is attributable to
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Table 11

Model Results: Boldrin et al. (2001)(i)

Financial and Aggregate Statistics
(a)(ii) (b)

re 7.83 18.4

rf 1.20 24.6

rP 6.63

(e) (f)

output 1.97

total consumption 1.36 .76

investment 4.71 .96

hours 1.58 .78

(i) This data is drawn from Tables (1) and (2) in Boldrin et al. (2001).
(ii) (a), (b), (e), (f) as in Table 1.

Table 12

Model Results: Danthine and Donaldson (2002)(i)

Financial and Aggregate Statistics
(a)(ii) (b) (c)

re 5.92 22.20 .26

rf 2.46 4.05 .02

rP 3.46 22.34

dt+1/dt 16.72

(d)

W/Y .69 4.83 -.022

(e) (f)

output 1.77

total consumption 1.45 .96

shareholder consumption 11.94 .38

investment 3.05 .93

capital stock .27 -.005

(i) The reported statistics are drawn from Table (4) in Danthine and Donaldson, (2002).
(ii) (a), (b), (c), (e), (f) as in Table (1).
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the slightly lower W/Y ratio which results in a more modest operating leverage effect.

By contrast, the present paper may be viewed as decomposing the general results in

Danthine and Donaldson (2002) into the distributional and aggregate shock related com-

ponents. Not only is a richer range of phenomena explored, but alternative mechanisms

for share variation are analyzed as well. We find that the attractive financial character-

istics of the model may be principally attributed to the distributional variations whereas

the business cycle properties have their origins in the standard technology shock set up.

As such the two sources of shocks considered appear complementary.

Our final theoretical comments concern Guvenen (2005). He assumes a perspective

which may be viewed as providing an alternative macro interpretation for the variable

risk sharing feature of the present model. Rather than assuming workers and sharehold-

ers interacting in an uncertain bargaining context, Guvenen (2005) presumes that the

population is divided into two groups with unequal financial market access.11 Sharehold-

ers participate in both stock and bond markets while non-shareholders trade only bonds.

Both groups supply labor inelastically to the firm and non-stockholders are modeled as

being more risk averse.12 With bond trading being their only mechanism for consump-

tion smoothing, non-stockholders bid up bond prices, resulting in a low risk free rate.

In equilibrium, stockholders end up insuring non-stockholders by increasing their debt

holding exactly when a low productivity realization reduces both agents’ income and vice

versa. As a result, bond market events act to create a high level of volatility of share-

holder consumption, volatility against which they can insure only via management of

the capital stock. Although the effective extent of income insurance provided by share-

holders to non-shareholders is not as great as in the present model, the fundamental

idea is the same. Guvenen (2005) also goes on to show that the consumption of non-

shareholders serves a role similar to that of a slow moving habit in his equilibrium asset

pricing equation, a feature also present in our distributional risk sharing formulation.

We note that these results seem to be more favorable vis-à-vis “distribution risk”

along the dimension of the return volatilities, but less so with regard to the business

cycle stylized facts. In particular, investment is insufficiently volatile on an absolute and

relative basis.

The substance of these theoretical contributions, broadly speaking, is as follows:
11The stockholder/non-stockholder apportionment is exogenous in Guvenen (2005).
12We suspect that if either agent (especially shareholders) were confronted by a labor-leisure choice

(allowing the shareholders another dimension of consumption smoothing), the ability of Guvenen’s (2004)

model to replicate the financial stylized facts would be substantially compromised. The same may be

said of the present paper. A mechanism such as in Dow (1995), where labor decisions must be taken in

advance, is a possible mechanism for preserving labor supply inflexibility.
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Table 13

Model Results: Guvenen (2005)(i)

Financial and Aggregate Statistics
(a)(ii) (b) (c)

re 5.30 14.1

rf 1.98 5.73

rP 3.32 14.7 .30

(e)

output 2.4

total consumption 2.3

shareholder consumption 4.6

non-shareholder consumption 1.1

investment 2.7

capital stock

(i) These statistics are principally from Tables 2 and 11 of Guvenen (2003), which is the an-
tecedent of Guvenen (2005). The latter version is considerably abbreviated, however, and lacks
macro statistics. It is for this reason that we make the indicated choice.
(ii) (a), (b), (e) as in Table 1; (c) – correlation with output.

(1) Labor market arrangements have substantial impact on the volatility of profits and

shareholder income. (2) In contexts where shareholders have limited ability to hedge

this added income risk, its consequences for the equilibrium pricing of financial claims

are profound and generally go in the direction of enhancing the models abilities to si-

multaneously replicate the stylized facts of the business cycle and financial markets. (3)

Since the magnitude of the equity premium responds directly to low frequency income

shocks, it is convenient – in the sense of allowing for a superior replication of financial

data within a simple context – to have alternative sources of income variation beyond

that arising from business cycle co-movements. Our risk sharing mechanism is one such

source. (4) A reasonable representation of the financial stylized facts requires income

shocks that cannot be insured (smoothed). This may take the form of technological

restrictions, as in many of the papers detailed in the present section, or various forms of

market incompleteness. Our distribution risk perspective entails aspects of both these

perspectives.
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8.2 Empirical Explorations

The focus of research in empirical finance is to explain the cross section of security

returns, where the notion of cross section is in reference to sets of specifically constructed

portfolios rather than individual issues.13 Curiously, there are, to date, few studies that

include labor market explanatory variables of any sort in the first stages of the Fama and

MacBeth (1972) style regressions which constitute the fundamental technique employed

in these exercises. There are two exceptions to this general rule: Jagannathan and

Wang (1996) and Santos and Veronesi (2004). Jagannathan and Wang (1996) include

the growth rate in per capita labor income as an explanatory variable, a fact that allows

their model to outperform the standard CAPM. Such a variable is completely consistent

with the model presented in this paper: an above-verage value of µ̄t in a particular period

is consistent with a simultaneous high growth rate in per worker labor income, and vice

versa.

Santos and Veronesi (2004) focus rather on the predictability of stock returns. Their

labor market variable is the economy-wide labor income to total consumption ratio,

a quantity that is perfectly positively correlated with µt in our model. What is of

particular interest to us is the intuition provided by Santos and Veronesi (2004), which,

by construction, applies to the “distributional risk” construct. They argue that the

share of income due to wages, as with all other principal sectors of the economy is a

stationary process. The significance of this fact for asset pricing is twofold: (1) If the

share of income to labor is high and likely to remain so, investors’ MRS variability will

be relatively insensitive to events in the stock market and thus the market risk premium

is likely to be small; and conversely. We note, however, that this ignores the operating

leverage effect: a higher share of income to labor suggests a higher fundamental riskiness

in the equity cash flow, something, per se, likely to increase the premium. For most

cases presented in this paper this latter effects dominates the Santos and Veronesi (2004)

intuition. (2) If the share of income from wages is above average it is likely to decline

with the consequence that future dividend growth is likely to exceed consumption growth

leading to high asset prices and returns. The time variation in the asset risk premium

suggested by these comments, however, is fully a feature of the distributional risk model.

Regressing stock returns on lagged values of this variable leads to statistically sig-

nificant coefficients and adjusted R2 that exceed what would be obtained using, e.g.,

the lagged dividend-price ratio as the explanatory variable. We suspect that a similarly

good fit could be obtained using data generated by our model. Including this ratio as
13The famous twenty-five Fama and French (1993) portfolios are the principal case in point.
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an explanatory variable also allows the model to outperform the standard CAPM in

explaining the returns to the twenty-five Fama and French (1993) portfolios. Given the

results obtained here, none of this is surprising.

9 Concluding Comments

The principal implication of this paper is that asset return patterns have less to do with

business cycle systematic risk factors and more to do with distributional effects. What

appears to be key is that the insurance mechanism demands payments from the firm

(shareholders) to workers precisely at times when shareholder cash flow is already low.

We showed that this mechanism acts as a standard habit formation mechanism but one

that arises endogenously via shareholder-worker interactions.

Not only is the model able to replicate simultaneously an astonishingly wide class

of financial and business cycle stylized facts, but it is also able to do so with very low

CRRAs for both shareholders and workers, a fact that reinforces the significance of the

insurance mechanism per se. Both the equity premium and security return volatilities,

in particular, match the data well. Of additional interest is the equity/output ratio,

qe/Y ; not only is this ratio of an average level typical of the economy but its variation

is also characteristic of what is observed. Financial leverage effects are also magnified to

a degree unmatched in more standard representative agent paradigms.

The latest trends, for the U.S. at least, point in the direction of a falling labor

share. Simultaneously, competitive pressures under the force of globalization appear to

render traditional internal-to-the-firm insurance mechanisms, which are at the heart of

the present paper, harder and harder to maintain (The plight of American automobile

manufacturers is a dramatic case in point). On those counts, our model leads us to

anticipate a decrease in equity premia. While our viewpoint is entirely specific, this

prediction confirms those made recently by several researchers (Jagannathan, McGrattan

and Scherbina, 2000, McGrattan and Prescott, 2000, Fama and French, 2002).

Our literature review together with the present contribution illustrates two distinct

perspectives on the simultaneous replication of the business cycle and financial stylized

facts. The first, as embodied in Jermann (1998) and Boldrin et al. (2001), focuses on

representative agent economies in which the agent has simultaneously a strong desire to

consume (habit formation) in conjunction with severe technological constraints to doing

so (cost of adjusting capital and fixed labor supply in the case of Jermann (1998) and

restrictions on shifting capital and labor intertemporally and across sectors in the case of

Boldrin et al. (2001)). These features are required because the bulk of the representative

40



agents’ consumption, in either case, comes from wage income which, if the model is cor-

rectly calibrated to the business cycle stylized facts, is relatively smooth. Capital income

must therefore be highly variable and of a pattern that tends to destabilize consumption.

The technological constraints make the smoothing of capital income especially difficult.

These features, per se, are nevertheless insufficient for an adequate replication of the

financial stylized facts: the asset holding class must also display very high marginal risk

aversion, something that habit formation preferences provides.

In heterogeneous agent models with distributional risk, however, neither high levels of

effective risk aversion for the shareholding class nor complex technological restrictions are

required. From the perspective of asset pricing, the provision of income insurance by the

shareholding class to the working class is sufficient (it must be added that a somehow-

restricted labor supply may be required as well). We note that income insurance is

fundamentally a constraint on prices (in particular, wage) rather than quantities.

Our equivalence in Section 7 goes a long way to harmonize these perspectives by

observing that partial income insurance is essentially equivalent to particular types of

trading restrictions. Trading restrictions prevent outputs from being transferred across

various dates and states, something that technological constraints equivalently accom-

plish. In addition, Section 4 demonstrates that labor income, relative to shareholder

consumption, behaves much the same as a slow moving habit. In this sense distribu-

tional risk serves a dual role.
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APPENDIX 1: Background to Section 7

A. Planner’s problem

We first detail the planner’s problem, provide its equivalent recursive represen-

tation and then, in B, decentralize it.

1. Let z = (ξ, λ) denote a shock realization and zT = ((ξ, λ)t)
T
t=1 a history of

shock realizations. We also use the notation zT = (zT−1, (ξ, λ)).
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Let v(c, c̄; (ξ, λ)) = u(c) + γ(ξ, λ)ū(c̄), γ(ξ, λ) > 0, be the instantaneous ob-

jective function of the planner. To simplify notation we set n(zT ) = 1 for all

zT .

Consider the following planner problem:

max E
∑

t

v(c(zt−1, ξ, λ)), c̄(zt−1, (ξ, λ)); (ξ, λ) (40)

subject to:

K0 = K̄, (ξ0, λ0) = (ξ̄, λ̄)

ξt + λtF (K(zt−1)) = c(zt−1, (ξ, λ)) + c̄(zt−1, (ξ, λ)) + I(zt−1, (ξ, λ))

K(zt) = (1− Ω)K(zt−1) + I(zt−1, (ξ, λ))

2. The latter has the following recursive representation:

max
(c,c̄,I)

V (K, (ξ, λ)) = v(c(zt−1, (ξ, λ)), c̄(zt−1, (ξ, λ)); (ξ, λ)) + E(ξ,λ)βV (K ′, (ξ′, λ′))

(41)

subject to:

ξ + λF (K) = c(K, ξ, λ) + c̄(K, ξ, λ)) + I(K, ξ, λ)

K ′ = (1− Ω)K + I(ξ, λ)),

where V (K, (ξ, λ)) denotes the value function associated with (40).

3. Remark: In the extensive formulations, probabilities are naturally defined. If

(ξ, λ) are independent first order Markov processes, π(zT ) = ΠT
t=1π(ξt|ξt−1)π(λt|λt−1).

In the recursive formulations, they are just π(ξ′, λ′|ξ, λ).

4. Under either representation, the differential optimality conditions are:

βT π(zT )u′(c(zT−1, (ξ, λ)) = p(zT−1, (λ, ξ)) (42)

βT π(zT )γ(ξ, λ)ū′(c̄(zT−1, (ξ, λ))) = p(zT−1, (λ, ξ)) (43)

EzT+1 |zT p(zT , (ξ, λ))(λF ′(K(zT )) + (1− Ω))) = p(zT ). (44)

5. We make three observations concerning the recursive representation:

a) If, in the planner objective functions, the weights γ are a non trivial function

of zT , T = 1, 2, ..., then a recursive representation may not exist.
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b) Total resources are entirely determined by K and the realizations (ξ, λ).

Thus, given the form of the objective function, the planner’s optimal consumption

and investment choices satisfy the following equations

(I, c, c̄)(zT−1, (ξ, λ)) = (I, c, c̄)(K, (ξ, λ)), (forK = K(zT−1)).

As the optimality conditions make clear, the multipliers satisfy the equations

p(zT−1, (λ, ξ)) = pT (K, (λ, ξ)),

(for K = K(zT−1)), with p(·)/βT time invariant. As for the capital stock,

K(zT ) = K(K(zT−1), (ξ, λ)).

We denote by ζ an element of the state space Z defined as follows:

Z = {ζ = (K, λ, ξ) : K = K(zT−1), for some history zT}

c) Consider the ratio of equation (42)/equation (43). All terms are strictly positive.

The choice of the planner’s welfare function thus delivers the following sharing rule:

ū′(c̄(zT ))γ(ξ, λ) = u′(c(zT )).

B. Competitive Markets

1. We next respond to the natural question: Can the planner allocations be

decentralized as competitive equilibria? Under what form of competitive markets?

The last question arises since workers and owners have different optimality condi-

tions. They cannot face, therefore, the same constraint set. If they did, γ(λ, ξ) = 1.

There are two possible decentralized formulations.

2. NON RECURSIVE FORMULATION

We use the planner multipliers p(·) to define the supporting prices. [Alterna-

tively we could have used p(·)/γ(·). The two choices support the same allocations,

but they require different forms of budget constraints.] The state space is defined

by the planner’s optimal solution, that is Z = {ζ = (K, ξ, λ) : K = K(zT−1), for

some history zT}
(a) The owners face a set of complete markets and therefore face a unique

budget constraint. The owners solve the following problem:

max Eζ

∑
βtu(c(·)) (45)
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subject to

∑
t

∑

ζ∈Z

pt(ζ)[ct(ζ) + It(ζ) + wt(ζ)n(ζ)− λf(Kt−1(ζ))] ≤ 0

Kt(ζ) = (1− Ω)Kt−1(ζ
′) + It(ζ)

nt(ζ) ≤ 1

where ζ ′ is the realized state in period t− 1.

(b) Observe that the first order conditions of the owners take the same form

as the first order conditions of the planner. Probabilities πt(ξ, λ) are defined by

π(zt), where K(zt−1) = K (in the planner solution).

(c) The worker faces several (rather than one) budget constraints. This is a

result of the weights γ(·) used in the welfare function. Thus, the worker maximizes

the utility function Eζ

∑
βtū(c̄(·)) subject to a sequence of budget constraints. The

sequence of constraints will depend on the particular specification of the weights

γ(ξ, λ).

If γ(λ, ξ) is 1-to-1 in λ and ξ, the sequence is:

(A)
∑

t

∑
K

p(K,λ, ξ)(c̄(K, ξ, λ)−ξ)−w(K, ξ, λ) = 0, and n̄(ζ) ≤ 1, (λ, ξ) ∈ Λ×Ξ;

if γ(λ, ξ) = g(ξ) for some g 1-to-1 in ξ, then:

(B)
∑

(t,λ,K)

p(K,λ, ξ)(c̄(K, ξ, λ)− ξ)− w(K, ξ, λ) = 0, and n̄(ζ) ≤ 1, ξ ∈ Ξ;

if γ(λ, ξ) = g(λ), for g 1-to-1 in λ, then

(C)
∑

(t,ξ,K)

p(K, λ, ξ)(c̄(K, ξ, λ)− ξ)− w(K, ξ, λ) = 0, and n̄(ζ) ≤ 1, λ ∈ Λ.

Once again, workers’ first order conditions are:

βT π(K, λ, ξ)ū′(c̄(·)) = γ(λ, ξ)p(K, λ, ξ)

where, since by definition of state space, K = K(zT−1), for some zT−1, and thus

π(K, λ, ξ) = π(zT ).

The workers face sequences of budget constraints. They are therefore able to

freely allocate wealth within the time-events contingent commodities that appear

in the sum, but not across states defining the constraints. Thus for instance, if the
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constraint is (A), the worker can transfer wealth across different realizations (K, t)

for each given (ξ, λ), but not across (K, t, ξ′, λ′) and (K, t, ξ∗, λ∗).

(d) Remarks:

(1) Here we have simplified the problem quite a bit. The planner problem

delivers a family of optimal solutions parameterized by γ(·). Decentralizing these

optimal solutions will typically entail a transfer positive or negative above the wage

income. Thus a more detailed analysis would entail proving that for some γ(·),
the transfer is zero. Obviously, there exists a γ constant such that this is the case

(this is the standard Negishi argument). It can be shown that this is also true for

non trivial choices of maps γ(ξ, λ), γ(ξ) and γ(λ).

(2) It is evident that the market arrangements as formalized by (A) provides

the sharing rule

u′(c(zT ))γ(ξ, λ) = ū′(c̄(zT ))

by (B)

u′(c(zT ))g(ξ) = ū′(c̄(zT ))

and by (C)

u′(c(zT ))g(λ) = ū′(c̄(zT ))

3. RECURSIVE FORMULATION

The owner has access to a set of complete Arrow securities. Arrow securities

are indexed by elements of the state space ζ; they cost q(ζ) and they pay off one

dollar if ζ realizes and zero otherwise. Thus, they maximize:

U(K, ξ, λ) = max
(c,I,b)

u(c) + βE(ξ,λ)U(K ′, ξ′, λ′) (46)

subject to:

p(ζ)[c(ζ) + I(ζ) + w(ζ)n(ζ)− λf(K)] +
∑

ζ′∈Z

b(ζ ′) ≤ b(ζ)

K ′ = (1− Ω)K + I(K, ξ, λ)

and

n(ζ) ≤ 1, ζ ∈ Z.

Bear in mind that with reference to the planner problem as well as the extensive

general equilibrium formulation, p(ζ) = pt(·)
βt , while q(ζ ′) = 1.
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For instance, if (A) is the right formulation (that is if γ(·) is 1-to-1 in (λ′, ξ′),

the workers maximize:

Ū(K, ξ, λ) = max
(c,n,b)

u(c̄(K, ξ, λ)) + βE(ξ, λ)Ū(K ′, ξ′, λ′) (47)

subject to

p(K, λ, ξ)[(c̄(K,λ, ξ)− ξ)− w(K,λ, ξ)] +
∑

K′
q(K ′, λ, ξ)b(K ′, λ, ξ)

= b(K, ξ, λ), (λ, ξ) ∈ Λ× Ξ.

and n̄(ζ) ≤ 1, ζ ∈ Z.

Thus, the worker at the state realization (K, λ∗, ξ∗) can only buy Arrow securi-

ties assets indexed by (K ′, λ∗, ξ∗). In problem (47), Ū ·) denotes the worker’s value

function.

Remark: If we give up recursive representations, we can take general weights

of the form γ(zT ) delivering the sharing rule ū′(c̄(zT ))γ(zT ) = u′(c(zT )). The

programming problem of the owner stays the same, modulo that prices are now

functions of histories. The budget constraints of the worker can be expressed in a

fairly general way as follows.

Let Γ = {γ : γ = γ(zT ) for some zT} and let ZT (γ) = {zT : γ(zT ) = γ, for all

T};
then

∑
t

∑

zT∈Z(γ)

p(zT )[c̄(zT )− ξ)− w(zT )] = 0, and n̄(zT ) ≤ 1, γ ∈ Γ.

APPENDIX 2: Model Descriptions

Unless otherwise stated, when the model distinguishes between workers and

firm owners, us() = u(c) = `n(c) denotes the firm owner utility function, and

v(c) = c1−γ

1−γ
the utility function of the workers.

A. 2. 1. The Danthine and Donaldson (1992) Model

Danthine et al. (1992) can be viewed as exploring a special case of the distribu-

tional risk perspective. It presumes the shareholder-worker distinction, but in the

context of a more elaborate representation of the labor market. Primary workers,

those with a permanent association with the firm (no layoffs) are governed by a
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complete risk sharing arrangement stronger than the one considered in this paper:

their labor supply, nP
t , is fixed at one unit per period with wage payment governed

by the relationship:

vP
1 (wP (k, λ)) = θ̂ us

1(c
s(k, λ)) (48)

where vP ( ) is the period utility function of a permanent worker, and θ̂ is a

constant.

Secondary workers receive partial income insurance in the form of an equilib-

rium wage floor wf (k, λ) financed by a lump-sum tax on shareholder incomes.

Their wage income is then of the form

wsec(k, λ) = max
{
wf (k, λ), w(k, λ)

}
(49)

where w(k, λ) is the secondary worker Walrasian wage which satisfies

f3(kt, n
P
t , n(kt, λt)λt = w(kt, λt) (50)

In equation (50), nt = n(kt, λt) denotes the Walrasian level of employment and

f(kt, nP
t , nt)λt = kα

t (nP
t )(1−α)ν(nt)

(1−α)(1−ν)λt

the period production technology.

In some states the wage floor may exceed the Walrasian wage leading to the

unemployment of secondary workers. The fraction (1 − n(k, λ)) of unemployed

secondary workers receives the aforementioned income transfer, t (k, λ). The wage

floor wf = wf (k, λ) and the transfer t = t (k, λ) jointly solve

max
{wf , t}

λus (c (k, λ)) + vP
(
wP (k, λ)

)
+ n(k, λ) v(wf ) + (1− n(k, λ) v(t(k, λ))

subject to:

wf ≥ t(k, λ)

1 ≥ n (k, λ)

with the parameter λ chosen to yield an appropriate share of income to capital

while wP (k, λ), n(k, λ) are determined, respectively, by equations (48) and (49).
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Lastly, the firm solves

max E

( ∞∑
t=0

βtus(ct)

)

s.t.

ct + it ≤ π(kt, λt)

kt+1 = (1− Ω)kt + it, k0given,

where

π(kt, λt) =

max
n(kt,λt)

{
f(kt, n

P
t , n(kt, λt))λt − wP (kt, λt)n

P
t − n(kt, λt)w

sec(kt, λt)− t(kt, λt)(1− n(kt, λt))
}

(51)

Under this formulation the level of income insurance is stronger for primary

workers and weaker for secondary workers than in the distributional risk formula-

tion. Calibrated to yield an unemployment rate of around 5%, the financial and

business cycle characteristics of this model are given in Table 9. For the case re-

ported there, α = .36, ν = 1/2, γ = 7, u(c) = logc, β = .99, λ1 = 1.025, λ2 = .975,

πii = .975, Ω = .025.

A. 2. 2. The Jermann (1998) Model

Although Jermann (1998) builds up from a decentralized version of his model,

fundamentally it is a representative agent construct where the quantity-financial

equilibrium arises from decision rules that solve:

max
{ct,It}

E

( ∞∑
t=1

βtu(Ct, Ct−1)

)

s.t.

Ct + It ≤ f(Kt, AtNt)

Kt+1 = (1− Ω)Kt + φ(It/Kt)Kt,

where u(Ct, Ct−1) =
(Ct − bCt−1)

1−τ

1− τ

f(Kt, AtNt) = Kα
t (NtAt)

1−α

φ(It/Kt) =
a1

1− 1/ξ

(
It

Kt

)1−1/ξ

+ a2
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where, for the case reported in Table 11, ξ = .23, b = .82, τ = 5, β = .99, Ω =

.025, α = .64 and At+1 = ρAt+εt with ρ=.99. The parameters a1, a2 are arbitrarily

fixed to match the state state of the comparison (no costs of adjustment, etc.)

standard RBC model.

A. 2. 3. The Boldrin et al. (2001) Model

Boldrin et al. (2001) take a perspective which eschews variations in factor

shares in favor of a representative agent model where the agent has a strong desire

to smooth his consumption coupled with profound technological restrictions to

doing so. The former feature is induced by a habit formation preference structure

u (Ct, Ct−1) = log(Ct − bCt−1)−Nt

where, in their best case scenario, b = .73. The former feature is derived from

their assumption of a two sector (firm) economy, one producing consumption goods

according to

Ct ≤ Kα
c,t(λtNc,t)

1−α,

and the other producing capital goods as per

Kc,t+1 + Ki,t+1 ≤ Kα
i,t(λtNi,t)

1−α + (1− Ω)(Kc,t + Ki,t)

Nc,t + Ni,t ≤ Nt.

From the asset pricing perspective the key aspect is that Kc, t+1, Ki, t+1, Nc, t+1, Ni,t+1

must all be chosen at time t before the technology shock λt+1is realized. The re-

allocation of capital or labor between sectors ex post to the λt+1 realization is

prohibited. In this model context, the equity return on the market portfolio is

a weighted average of the returns to shares in each of the two firms, where the

weights are the respective shares of the aggregate capital stock invested in the two

firms.

A. 2. 4 The Danthine and Donaldson (2002) Model

The central planning version of the Danthine and Donaldson (2002) model is

as follows:

max
{Ct,It,Wt}

E

( ∞∑
t=0

βt [µ̃tv(Wt) + u(Ct)]

)
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Ct + Wt + It ≤ f(Kt, 1)λ̃t − g(It, Kt)

Kt+1 = (1− Ω)Kt + It; K0 given,

where f(Kt, Nt)λ̃t = Lkα
t N1−α

t λ̃t,

v(Wt) =
W 1−γ

t

1− γ
, u(Ct) = `nCt, and

g(It, Kt) = (φ/2) (1/Kt) (It − ΩKt)
2.

For the case of Table 12, α = .36, L = 1.25, β = .99, Ω = .025, λ1 = 1.056, λ2 =

.944, µ̃1 = 339, µ2 = 1062, ψ = .97239, π = H = ∆ = 0, σ = .03, γ = 4.

A. 2. 5. The Guvenen Model

Guvenen (2005) presents a decentralized set up. Since the financial markets

are incomplete, there is no central planning counterpart.

Firms. The single firm chooses its investment plan and hires labor so as to

maximize its value to its shareholders:

V F
t = max

{It+j ,nf
t+j}

Et

{ ∞∑
j=1

βj

(
Λt+j

Λt

)[
λt+j(Kt+j)

α
(
nf

t+j

)1−α

−Wt+jn
f
t+j − It+j

]}

s.t. Kt+j = (1− Ω)Kt+j−1 + Φ

(
It+j

Kt+j

)
Kt+j

where Φ() is as in Jermann (1998) (and identically parameterized) and
Λt+j

Λt
=

us
1(cs

t+j)
us
1(cs

t )
;
(
cs
t+j

)
is the representative shareholder’s consumption in equilibrium.

Shareholders and Non Shareholders: Guvenen (2005) selects (Kt, λt, Bt)

as his state variables vector where Bt denotes the aggregate (one period dis-

count) bond holdings across the non-shareholder class. The recursive representa-

tion of consumer-worker-investor i’s problem is:

V i
(
bi
t, s

i
t, Kt, Bt, λt

)
= max
{ci

t,b
i
t+1,si

t+1}
{
ui(ci

t) + βEtV
i
(
bi
t+1, s

i
t+1, Kt+1, Bt+1, λt+1

)}

s.t.

ci
t + qb (Kt, Bt, λt) bi

t+1 + qe (Kt, Bt, λt) si
t+1

≤ bi
t + si

t (qe (Kt, Bt, λt) + d (Kt, Bt, λt)) + w (Kt, Bt, λt) (52)

and given the equation of motion on the state variables.

For the shareholder class, i = s, bs
t > 0, ss

t > 0. For the non shareholder class,

i = ns, sns
t = 0, and bns

t = Bt.
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In equilibrium

θbs
t + (1− θ)bns

t = 0

θss
t = 1

nf
t = θ · 1 + (1− θ)1 = 1

where θ denotes the fraction of the population who are shareholders.

For the case reported in the text, θ = .2, β = .99, γs = 2, γns = 10, ρ = .95,

σe = .02, α = .3, Ω = .02, ξ = .23 (this is a cost of adjusting capital parameter;

see Jermann (1998)).
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